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Abstract

This paper deals with econometric models where some (or all) explanatory variables (or
covariates) are observed as discretized ordered choices. Such variables are in theory con-
tinuous, but in this form are not observed at all, their distribution is unknown, and
instead only a set of discrete (menu type) choices are observed. We explore how such
variables influence inference, more precisely, we show that this leads to a very special
form of measurement error, and consequently to endogeneity bias. We then propose ap-
propriate sub-sampling and instrumental variables (IV) estimation methods to deal with
the problem.
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1 Introduction

There is an increasing number of survey-based large data sets, where many (sometimes all)
variables are observed through the window of individual choices, i.e., by picking one option
from a pre-set class list, while the original variables themselves are in fact continuous. For
example, in transportation modelling the US Federal Transportation Office creates surveys
to measure different transportation behaviours. Such practice is also common for major cities
like London, Sydney and Hong Kong. Usually the reported values are discretized version of
variables, like average personal distance travelled, or use of public or private transportation
(Santos et al. (2011)). Also in transportation research, the use of Likert-scale type data
on intentions or attitudes is quite common, such as data from question on the likelihood of
utilizing certain transportation mode (see Heath and Gifford (2002)). In happiness economics
variables are also often measured with Likert-scale data (see Frey and Stutzer (2002) or
Stutzer (2004)). Such examples are also common in many other areas, like credit ratings in
financial economics, corruption measures or institutional development in political economy.
These are discrete variables which have the characteristics of ordered choices (see Mauro
(1995) and Méndez and Sepúlveda (2006) or Knack and Keefer (1995) and Acemoglu et al.
(2002)). Typically such variables are related to income, expenditure on something over a
period of time, willingness to take some action (e.g., how much would you be willing to
pay for....?) or questions about likelihood(s) (e.g., how likely would you to download this
application...?) and questions related to time (e.g., how much time did you spend last week
commuting...?). The main question we try to investigate in this paper is how this may affect
inference in an econometric model, when such variables are used as explanatory variables or
covariates.

Consider the random variable xi ∼ f(0, 100), where f(al, au) denotes1 a distribution with
support in [al, au] with mean µ for i = 1, . . . , N . Also, quite importantly, the distribution
f(·) is unknown (and can be continuous or discrete). Furthermore, define

x∗i =



z1 if c0 ≤ xi < c1 or xi ∈ C1 = [c0, c1) 1st choice,

z2 if c1 ≤ xi < c2 or xi ∈ C2 = [c1, c2),
...

...

zm if cm−1 ≤ xi < cm or xi ∈ Cm = [cm−1, cm),
...

...

zM if cM−1 ≤ xi ≤ cM or xi ∈ CM = [cM−1, cM ],

last choice.

(1)

Variable zm, m = 1, . . . ,M (we will refer to it as choice value) can be a measure of centrality
of the given choice class, or can be a completely arbitrarily assigned value (say, for example,
if we consider preferences, etc.). The class boundary cm can be known, unknown or in some
cases it can also be stochastic. The main difficulty is that instead of xi we only observe x∗i .
Continuous variable x is in fact observed through the discrete ordered window of x∗i .

1Let us note here that for reference a complete list of the notations used in the paper can be found in the
Appendix.
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2 Basic Setup

Let us assume that we have a simple linear econometric model of the form

yi = w′iγ + x∗
′
i β + εi, (2)

with the true Data Generating Process (DGP) being

yi = w′iγ + x′iβ + ui, (3)

where i = 1, . . . , N , w is a set of ‘usual’ explanatory variables, x∗ is a set of menu choice
variables as defined in (1), γ and β are unknown parameters and ui is an idiosyncratic
disturbance term for model (3) with εi being its perceived counterpart in model (2). We also
maintain the independence of observations across individuals assumption. The main question
is therefore how estimating model (2) differs from estimating model (3).

Remark: If f(·) is known, assuming know boundaries, the expected value of each variable in
x∗ is also know in each class and have an unbiased/consistent estimate, then the LS estimator
of model (2) is unbiased/consistent. This is in fact the Berkson model (see Berkson (1980)
and Wansbeek and Meijer (2000) pp. 29-30).

2.1 An Example

Let us assume that we would like to model in a given city the factors explaining individual
Transport Expenditures (TE), at a given period of time with the simple model

TEi = w′iγ + β UPTi + εi , (4)

where TEi is the transport expenditure for individual i, UPTi is the use of public transport
in commuting measured in percentage points: 100% if only PT was used and 0% if PT was
not used at all for individual i (i = 1, . . . , N) and wi are ‘usual’ controls. Now UPT is not
observed and instead we observe only the individual’s choice from a pre-set list UPT ∗ in the
following form:

UPT ∗i =


1, if 90% ≤ UPTi ≤ 100%,

2, if 50% ≤ UPTi < 90%,

3, if 10% ≤ UPTi < 50%,

4, if 0% ≤ UPTi < 10%,

(5)

where the menu choices are:

1→ took almost only public transport,
2→ took mostly public transport,
3→ mostly did not take public transport,
4→ almost did not take public transport.

(6)

Or alternatively, one could assign the mid value of each class to UPT ∗i such that

0.95→ took almost only public transport,
0.70→ took mostly public transport,
0.30→ mostly did not take public transport,
0.05→ almost did not take public transport.

(7)
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and so

UPT ∗i =


0.95, if 90% ≤ UPTi ≤ 100%,

0.70, if 50% ≤ UPTi < 90%,

0.30, if 10% ≤ UPTi < 50%,

0.05, if 0% ≤ UPTi < 10%.

(8)

2.2 Related Work

To the best of our knowledge there has been no study investigating the estimation of cate-
gorized variable(s), when the categories/classes are not represented by the expected values
of the underlying distribution(s). There has been though some work done on related issues.
Taylor and Yu (2002) consider a regression model with three multivariate normal random
variables. The first is linearly dependent on the second one. Then they dichotomize this sec-
ond one and include into the model an another variable as well and derive the asymptotic bias
for its parameter. However, they do not connect this to the bias in the parameter of the other
variable(s). Lagakos (1988), analyses the correct cut values for the grouping of continuous
explanatory variables. He derives a test on deviating from the expected group mean and the
categorized value, if the group mean is known. He refers to this solution as the optimization
criterion for discretizing an explanatory variable, using the argument in Connor (1972).
There are many papers considering the discretization of a continuous variable, but all assume
that the choice values are properly representing each class. In these papers, the main question
is the effect of discretization in terms of efficiency loss (see, for example, Cox (1957), Cohen
(1983), Johnson and Creech (1983)).
The measurement error literature has not considered the problem in details either, as it
has been assumed that the class choice values are taking the expected values of the known
underlying distribution (Wansbeek and Meijer (2001)), or the measurement error is on top
of a categorized variable (Buonaccorsi (2010)).

3 Some Theory: Bias of the OLS Estimator

Let us assume for simplicity that there is only one explanatory variable in the model, which
is observed through discretized choices. It is also assumed, as said earlier, that it has a known
support [al, au] with known boundaries (cm), and let zm from Equation (1) be the class
midpoint.2

2In the special case of the uniform distribution, the midpoints coincide with the conditional expectation of
the uniformly distributed explanatory variable x in that class.
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The classes are now the following with their respective class values:

C1 =

[
al, al +

au − al
M

)
z1 = al +

au − al
2M

,

...

Cm =

[
al + (m− 1)

(au − al)
M

,al +m
au − al
M

)
zm = al + (2m− 1)

au − al
2M

,

... (9)

CM =

[
al + (M − 1)

(au − al)
M

,al +M
au − al
M

]
zM = al + (2M − 1)

au − al
2M

.

Let Nm be the number of observations in each class Cm, that is Nm =
∑N

i=1 1{xi∈Cm}, where
1{x∈C} denotes the indicator function defined as

1{x∈C} :=

{
1, if x ∈ C,
0, if x 6∈ C.

When x has a distribution pdf f(·) and cdf F (·),

E(Nm) = E

(
N∑
i=1

1{xi∈Cm}

)

= N

∫
Cm

f(x) dx

= N Pr(cm−1 < x ≤ cm),

using the independence assumption. When, for example, x has a uniform distribution we have
E(Nm) = N/M for all m = 1, . . . ,M .

The standard OLS estimation is given by

β̂∗OLS = (x∗
′
x∗)
−1

(x∗
′
y)

=
z1

(∑N1
i=1 yi

)
+ z2

(∑N1+N2
i=N1+1 yi

)
+ · · ·+ zM

(∑NM
i=N−NM+1 yi

)
N1z2

1 +N2z2
2 + · · ·+NMz2

M

=
z1

(∑N1
i=1 βxi + ui

)
+ · · ·+ zM

(∑NM
i=N−NM+1 βxi + ui

)
N1z2

1 + · · ·+NMz2
M

=
z1

[∑N
i=1 1{xi∈C1}(βxi + ui)

]
+ · · ·+ zM

[∑N
i=1 1{xi∈CM}(βxi + ui)

]
N1z2

1 + · · ·+NMz2
1

=

∑M
m=1 zm

[∑N
i=1 1{xi∈Cm}(βxi + ui)

]
∑M

m=1Nmz2
m

(10)

=

∑M
m=1

[
al + (2m− 1)au−al2M

] [∑N
i=1 1{xi∈Cm}(βxi + ui)

]
∑M

m=1Nm

[
al + (2m− 1)au−al2M

]2 .
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Uniform distribution

Cm

Nm ξm

General distribution

xi, Cm

Nm ξm

Figure 1: The dependence of the number of observations Nm and the error ξm on the distri-
bution of variable xi and the class Cm in uniform (left panel) and general distribution (right
panel) cases.

Using Equation (10), we can get the following general formula for the expected value of the
OLS estimator

E
(
β̂∗OLS

)
= E


∑M

m=1 zm

[∑N
i=1 1{xi∈Cm} (β(x∗i + ξi) + ui)

]
∑M

m=1Nmz2
m


= E


∑M

m=1 zm

[
β
(∑N

i=1 1{xi∈Cm}x
∗
i +

∑N
i=1 1{xi∈Cm}ξi

)
+
∑N

i=1 1{xi∈Cm}ui

]
∑M

m=1Nmz2
m


= βE

{∑M
m=1 zm

∑N
i=1 1{xi∈Cm}x

∗
i∑M

m=1Nmz2
m

}
+ βE

{∑M
m=1 zm

∑N
i=1 1{xi∈Cm}ξi∑M

m=1Nmz2
m

}

+ E

{∑M
m=1 zm

∑N
i=1 1{xi∈Cm}ui∑M

m=1Nmz2
m

}

= β + βE

{∑M
m=1 zm

∑N
i=1 1{xi∈Cm}ξi∑M

m=1Nmz2
m

}

= β + βE

{∑M
m=1 zmNmξm∑M
m=1Nmz2

m

}
, (11)

where a respondents makes an error ξi for each observation by setting the possible answer
values at x∗i , xi = x∗i + ξi. The last but one assertion in Equation (11) is based on the
disturbance term ui being independent of regressor xi and E(ui) = 0 for all i = 1, . . . , N . The
last inference uses the fact that the errors ξi have the same conditional distribution over the

class Cm, ξm
d
= ξi|Cm for all m = 1, . . . ,M and i = 1, . . . , N . Importantly, the second term

in the expression (11) does not vanish in general, since ξm|Cm is not independent of Nm|Cm,
ξm|Cm 6⊥⊥ Nm|Cm (see Figure 1, right panel) nor E(ξi|Cm) = E(ξm) = 0 (see Figure 2, right
panel). These would be sufficient assumptions for the OLS to be unbiased. The former issue
can be eliminated by conditioning on the underlying distribution of xi. Conditional on the
distribution xi and the class Cm, the number of observations in the class and assuming that
the errors are independent of each other, Nm|xi, Cm ⊥⊥ ξm|xi, Cm, but knowing the underlying
distribution makes the problem trivial. Nonetheless, because of both issues, the ‘naive’ OLS
estimator is biased.

The uniform distribution, however, turns out to be a special case. Let us assume that xi ∼
U(al, au) for all i = 1, . . . , N , then both of the above disappear (see the left panels on Figure
1 and Figure 2), if we are using the class mid points. The first problem is resolved, because
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C1 C2

z1 z2

E(x|C1) E(x|C2)

E(ξ1) = 0 E(ξ2) = 0

xi

C1 C2

z1 z2

E(x|C1) E(x|C2)

E(ξ1) 6= 0 E(ξ2) 6= 0

xi

Figure 2: The difference between uniform (left panel) and general distributions (right panel).

in the case of the uniform distribution, both the number of observations Nm in each class Cm
and the error term ξm are independent of the regressor’s xi distribution, while the second
problem does not appear trivially, since now the class midpoints are proper estimates of the
regressor’s xi expected value in the class Cm. From Equation (11) we obtain that

E
(
β̂∗OLS

)
= β + βE

{∑M
m=1 zmNmξm∑M
m=1Nmz2

m

}
= β,

where ξm is a uniformly distributed random variable with zero expected value, E(ξm) = 0 for
all m = 1, . . . ,M . Hence, in the case of uniform distribution, unlike for other distributions,
the OLS is unbiased.

Now, let us turn back to Equation (10), but instead to taking the expectation let us see what
happens in the probability limit, when the sample size or the number of classes go to infinity.

3.1 N (in)consistency

First, assume that plimN→∞
∑N

i=1 1{xi∈Cm}ui = 0, in other words that the menu/class selec-
tion is independent of the disturbance terms and also, that with sample size N the number
of classes M is fixed. Then

plim
N→∞

β̂∗OLS = plim
N→∞

∑M
m=1 zm

[∑N
i=1 1{xi∈Cm}(βxi + ui)

]
∑M

m=1Nmz2
m

=

∑M
m=1 zm

[
plimN→∞

∑N
i=1 1{xi∈Cm}(βxi + ui)

]
∑M

m=1 z
2
m plimN→∞Nm

=

∑M
m=1 zm

[
plimN→∞ β

∑N
i=1 1{xi∈Cm}xi

]
∑M

m=1 z
2
m plimN→∞Nm

=
β
∑M

m=1 zm

[
plimN→∞

∑N
i=1 1{xi∈Cm}xi

]
∑M

m=1 z
2
m plimN→∞Nm

, (12)
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where xm sums the truncated version of the original random variables xi on the class Cm,

xm
d
= xi|Cm, for all m = 1, . . . ,M , xm =

∑N
i=1 1{xi∈Cm}xi, therefore its asymptotic distribu-

tion can be calculated by applying the Lindeberg-Levy Central Limit Theorem,

xm/Nm
a∼ N

(
E(xm),Var(xm)/Nm

)
.

The β̂∗OLS estimator is consistent if and only if the probability limit in Equation (12) equals
β. To give a condition for consistency, first we rewrite the previous Equation (12) in terms
of the error terms ξi,

plim
N→∞

(
β̂∗OLS − β

)
=
β
(∑M

m=1 zm

[
plimN→∞

∑N
i=1 1{xi∈Cm}xi

]
−
∑M

m=1 z
2
m plimN→∞Nm

)
∑M

m=1 z
2
m plimN→∞Nm

=
β
∑M

m=1 zm

[
plimN→∞

∑N
i=1 1{xi∈Cm}(xi − x∗i )

]
∑M

m=1 z
2
m plimN→∞Nm

=
β
∑M

m=1 zm

[
plimN→∞

∑N
i=1 1{xi∈Cm}ξi

]
∑M

m=1 z
2
m plimN→∞Nm

, (13)

where the asymptotic distribution of the sum of errors in class Cm, ξm =
∑N

i=1 1{xi∈Cm}ξi,
m = 1, . . . ,M , can be given by

ξm/Nm
d
= xm/Nm − zm

a∼ N
(
E(xm)− zm,Var(xm)/Nm

)
.

After substituting back to the expression (13), we get

plim
N→∞

(
β̂∗OLS − β

)
=

plimN→∞ β
∑M

m=1 zmξ
m

plimN→∞
∑M

m=1 z
2
mNm

=
plimN→∞O(N)β

∑M
m=1 zmξ

m/Nm

plimN→∞O(N)
∑M

m=1 z
2
m

=
β
∑M

m=1 zm plimN→∞ ξ
m/Nm∑M

m=1 z
2
m

=
β
∑M

m=1 zm {E(xm)− zm}∑M
m=1 z

2
m

, (14)

where3 the last step in the above derivation can simply be obtained from the definition of
the plim operator, i.e., for any ε > 0 given

plim
N→∞

ξm = E(Xm)− zm

⇐⇒ lim
N→∞

Pr (|ξm − {E(Xm)− zm}| > ε)

= lim
N→∞

Fξm (−ε+ E(Xm)− zm) [1− Fξm (ε+ E(Xm)− zm)] = 0.

The convergence holds, because for any given δ > 0 there is a threshold N0 for which the term
in the limit becomes less than δ. This can be seen from Fξm(·) being close to a degenerate

3Strictly technically the second last line above should have a proportional sign (∝) rather than an equality
as the O(N) in the denominator may not be bounded by the same constant as the O(N) in the numerator.
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C1 C2

z1 < 0 z2 > 0

E(x|C1) E(x|C2)

E(ξ1) > 0 E(ξ2) < 0

xi

Figure 3: The estimator is inconsistent even in case of symmetric distributions, see Equation
(14).

distribution above a threshold number of observations N0, or intuitively, since the variance of
the sequence of random variables ξm collapses in N , its probability limit equals its expected
value. Therefore, to obtain the (in)consistency of the OLS estimator β̂∗OLS in the number
of observations N , we only need to calculate the expected value of the truncated random
variable xm, m = 1, . . . ,M and check whether the expression (14) equals 0 to satisfy a
sufficient condition.
Let us apply these results to the uniform distribution. In this case there is no consistency
issue because the class midpoints coincide with the expected value of the truncated uniform
random variable in each class making the expression (14) zero, hence the OLS estimator is
consistent.
Notice, that the consistency of the OLS estimator is not guaranteed even in case of symmetric
distributions and symmetric class boundaries. After appropriate transformations (e.g., de-
meaning), it can be seen that the sign of the differences between the expectation of the
truncated random variables xm and the class midpoints is opposite to the sign of the class
midpoints on either side of the distribution, which implies negative overall asymptotic bias
in N (see Figure 3).

In the case of a (truncated) normal variable, for example, we need to substitute the expected
value of the truncated normal random variable xm for each m = 1, . . . ,M in the consistency
formula (14). As a result, the differences between the expectation and the class midpoints in
general is not zero for all m, hence the formula cannot be made arbitrarily small. Therefore,
the OLS estimator becomes inconsistent in N (see the size of the bias based on simulation
results in the Appendix).
So far we have focused on the estimation of β in Equation (2). But how about γ? It can
be shown that the bias and inconsistency presented above is contagious. Estimation of all
parameters of a model is going to be biased and inconsistent unless the measurement error
and x are orthogonal (independent), which is quite unlikely to happen in practice. This is
important to emphasize: a single menu choice type variable in a model is going to infect the
estimation of all variables of the model.

3.2 M consistency

Let us see next the case when N is fixed but M → ∞. Now, we may have some classes
that do not contain any observations, while others still do. Omitting, however, empty classes
does not cause any bias because of our iid assumption. Furthermore, while we increase the
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number of classes, the size of the classes itself are likely to shrink and become so narrow
that only one observation can fall into each of the classes. In the limit we are going to hit
the observations with the class boundaries. To see that, we derive the consistency formula
in the number of classes M assuming that plimM→∞

∑
{m:Cm 6=∅,m=1,...,M} zmuim = 0, or with

re-indexation plimM→∞
∑N

i=1 zmiui =
∑N

i=1 xiui = 0, which should hold in the sample and

is a stronger assumption than the usual plimN→∞
∑N

i=1 xiui = 0:

plim
M→∞

(
β̂∗OLS − β

)
= plim

M→∞

∑M
m=1 zm

[∑N
i=1 1{xi∈Cm}(βxi + ui)

]
∑M

m=1Nmz2
m

− β

= plim
M→∞

∑
{m:Cm 6=∅,m=1,...,M} zm

[∑N
i=1 1{xi∈Cm}(βxi + ui)

]
∑
{m:Cm 6=∅,m=1,...,M}Nmz2

m

− β

= plim
M→∞

∑
{m:Cm 6=∅,m=1,...,M} zm(βxim + uim)∑

{m:Cm 6=∅,m=1,...,M} z
2
m

− β

= plim
M→∞

β

{∑
{m:Cm 6=∅,m=1,...,M} zmxim∑
{m:Cm 6=∅,m=1,...,M} z

2
m

− 1

}

= plim
M→∞

β

{∑N
i=1 zmixi∑N
i=1 z

2
mi

− 1

}

= β

{∑N
i=1 plimM→∞ zmixi∑N
i=1 plimM→∞ z

2
mi

− 1

}

= β

{∑N
i=1 xixi∑N
i=1 xi

2
− 1

}
= 0,

where the index im ∈ {1, . . . , N} denotes observation i in class m (at the beginning there
might be several observations that belong to the same class m), and index mi ∈ {1, . . . ,M}
denotes the class m that contains observation i (at the and of the derivation one class m
includes only one observation i). Notice that the derivation do not depend on the distribution
of the explanatory variable x, so consistency in the number of classes M holds in general.
Let us also note, however, that this convergence in M is slow. Let us note as well that as
M → ∞, the class sizes go to zero, and the smaller the class sizes the smaller the bias. We
are going to rely on this in Section 5.

3.3 Some remarks

The above results hold for much simpler cases as well. If instead of model (2) we just take
the simple sample average of x, x̄ =

∑
i xi/N , then x̄∗ =

∑
i x
∗
i /N is going to be a biased

and inconsistent estimator of x̄.

The measurement error due to discretized choice variables, however, not only induces cor-
relation between the error terms and the observed variables, but it also induces a non-zero
expected value for the disturbance terms of the regression in (2). Consider a simple example
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where there is an unobserved variable xi with an observed discretized choice version:

x∗i =

{
z1 if c0 ≤ xi < c1,

z2 if c1 ≤ xi < c2,
(15)

and
yi = xiβ + εi. (16)

Using the discretized choice variable means:

yi = x∗iβ + (xi − x∗i )β + ui (17)

and E [xi − x∗i ] is

E [xi − x∗i ] =E(xi)− E(x∗i )

=E(xi)− E [z11(c0 ≤ xi < c1) + z21(c1 ≤ xi < c2)]

=E(xi)− z1 Pr(c0 ≤ xi < c1)− z2 Pr(c1 ≤ xi < c2).

The last line above is not zero in general. Thus, it would induce a bias in the estimator if the
regression does not include an intercept. This result generalizes naturally to variables with
multiple choice values.

4 Estimation Reconsidered

Let us generalise the problem and re-write it in matrix form. Consider the following linear
regression model:

y = Xβββ + Wγγγ + εεε , (18)

where X and W are N × K and N × J data matrices of the explanatory variables, y is a
N ×1 vector containing the data of the dependent variable, εεε is a N ×1 vector of disturbance
terms, and finally βββ and γγγ are K × 1 and J × 1 parameter vectors. X is not observed, only
its menu choice version X∗ is observed. Define the MK ×K matrix as

Z =


z1 0 . . . . . .
0 z2 0 0
... . . .

. . .
...

. . . . . . 0 zK

 ,
where zi = (zi1, . . . , ziM )′ contains the menu choice values for variable i. Let E = {eki} where
k = 1, . . .K and i = 1, . . . , N such that

eki =


1(ck0 ≤ xki < ck1)
1(ck1 ≤ xki < ck2)

...
1(ckM−1 ≤ xki < ckM )

 ,
where xki denotes the value of the ith observation from the explanatory variable xk.
This implies E is a MK × N matrix since each entry eki is a M × 1 vector. Following the
definition of x∗i in the paper, we can rewrite X∗ = E′Z.
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4.1 The OLS estimator

From Equation (18), consider the regression based on the observed data:

y = X∗βββ + Wγγγ + (X−X∗)βββ + εεε , (19)

then the OLS estimator for βββ is

β̂ββ =
(
X∗′MWX∗

)−1
X∗′MWy ,

where MW = I−W(W′W)−1W′ defines the usual residual maker. The standard derivation
shows that

β̂ββ =
(
Z′EMWE′Z

)−1
Z′EMWXβββ +

(
Z′EMWE′Z

)−1
Z′EMWεεε. (20)

This implies OLS is unbiased if and only if (Z′EMWE′Z)−1 Z′EMWX = I. This allows us to
investigate the bias analytically by examining the elements in Z′EMWE′Z and Z′EMWX.

To simplify the analysis, we assume for the time being the following:

MWX =X (21)

MWX∗ =X∗. (22)

In other words, we assume independence between W and X as well as its discretized choice
version. This may appear to be a strong assumption but it does allow us to see what is going
on a little better. We relax this at a latter stage.
The OLS estimator in this case becomes:

β̂ββ =
(
Z′EE′Z

)−1
Z′EXβββ +

(
Z′EE′Z

)−1
Z′Eεεε.

The OLS is unbiased if (Z′EE′Z)−1 Z′EX = I. Let us consider a typical element in Z′EE′Z
first. Since Z is non-stochastic as it contains only all the pre-defined menu choice values, it
is sufficient to examine EE′:

EE′ =


e11 . . . e1i . . . e1N
... . . .

... . . .
...

ek1 . . . eki . . . ekN
... . . .

... . . .
...

eK1 . . . eKi . . . eKN




e′11 . . . e′k1 . . . e′K1
... . . .

... . . .
...

e′1i . . . e′ki . . . e′ki
... . . .

... . . .
...

e′1N . . . e′kN . . . e′KN

 .

Note that each entry in E is a vector, so EE′ will result in a partition matrix which elements
are the sums of the outer products of eki and elj for k, l = 1, . . . ,K and i, j = 1, . . . , N .
Specifically, let qkl be a typical block element in EE′ then

qkl =

N∑
i=1

ekie
′
li.

Let 1kim = 1 (ckm−1 ≤ xki < ckm), then the (m,n) element in qkl, qmn is

N∑
i=1

1kim1lin for m,n =

1, . . . ,M . Thus, E (EE′) exists if E
(
1kim1lin

)
exists,

E
(
1kim1lin

)
=

∫
Ω

f(xk, xl)dxkdxl , (23)
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where f(xk, xl) denotes the joint distribution of xk and xl and Ω = [ckm−1, ckm]× [cln−1, cln]
defines the region for integration. Thus, N−1bmn should converge into Equation (23) under
the usual WLLN.
Following similar method, let akl be the (k, l) element in Z′EX then

akl =
N∑
i=1

M∑
m=1

zkm1kimxli.

Now,

E

[
M∑
m=1

zkm1kimxli

]
=

M∑
m=1

zkmE
[
1kimxli

]
=

M∑
m=1

zkm

∫
Ω1

xlf(xk, xl)dxkdxl ,

(24)

where Ω1 = [ckm−1, ckm]×ΩX with ΩX denotes the sample space of xk and xl. Thus, N−1akl
should converge into Equation (24) under the usual WLLN.
In the case when Equations (21) and (22) do not hold, the analysis becomes more tedious
algebraically but it does not affect the result that OLS is biased. Recall Equation (20), and
let ωij be the (i, j) element in MW for i = 1, . . . , N and j = 1, . . . , J , then following the
same argument as above EMWE′ can be expressed as a M ×M block partition matrix with
each entry a K ×K matrix. The typical (m,n) element in the (k, l) block is

gkl =

N∑
j=1

N∑
i=1

ωij1
ki
m1lin (25)

with its expected value being

N∑
i=1

N∑
j=1

∫
Ω
ωijf (xk, xl,w) dxkdxkdw (26)

where w = (w1, . . . , wJ), dw =
J∏
i=1

dwi and Ω = [ckm−1, ckm] × [cln−1, cln] × Ωw where Ωw

denotes the sample space of w. Note that ωij is a nonlinear function of w and so the con-
dition of existence for Equation (26) is complicated. However, under the assumption that
the integral in Equation (26) exits, then N−1gkl should converge to Equation (26) under
the usual WLLN. It is also worth noting that E [MWX] = E [MW]E [X] = E [X] and
E [MWX∗] = E [MW]E [X∗] = E [X∗] under the assumption of independence, which reduces
Equation (26) to Equation (23).
Again, following the same derivation as above, a typical element in Z′EMWX is

hkl =
M∑
m=1

N∑
i=1

zkm1kimuli, (27)

where uli =

N∑
υ=1

ωiυXlυ. Note that uli is the ith residual of the regression of Xl on W. The

expected value of hkl can be expressed as

M∑
m=1

zkm

∫
Ωm

ulf(xk, xl,w)dxkdxldw, (28)

13



where ul denotes the random variable corresponding to the ith column of MWX and Ωm =
[ckm−1, ckm] × ΩX × Ωw with Ωw denotes the sample space of W. Note that ul = xl under
the assumption of independence, which reduces Equation (28) to Equation (24).

4.2 Extension to panel data

So far we have dealt with cross-sectional data. Next, let us see what changes if we have panel
data at hand, which is closer to the reality of data gathering through surveys. We can extend
our basic model using Equation (2)

yit = w′itγ + x∗
′
itβ + εit, (29)

and adjust the DGP, based on Equation (3)

yit = w′itγ + x′itβ + uit, (30)

where xit ∼ fi(al, au) denotes an individual distribution with mean µi for i = 1, . . . , N . Here
we need to assume that fi(·) is stationary so the distribution may change over individual i
but not over time, t. Otherwise everything else is the same.

Now, the most important problem is identification. If the choice of an individual does not
changes over the time periods covered, the individual effects in the panel and the parameter
associated with the choice variable cannot be identified separately. The Within transformation
would wipe it out the choice variable as well. When the choice does change overt time, but
little, then we are facing weak identification, i.e., in fact very little information is available for
identification, so the parameter estimates are going to be highly unreliable. This is a likely
scenario when M is small, for example M = 3 or M = 5.
The solution is to have different choice classes (boundaries), for the different time periods as,
for example, explained in the next section. After the appropriate Within transformation, the
OLS can be applied with properties outlined in the previous sections and in the next.
The bias of the panel data Within estimator can be shown easily. Let us re-write Equation
(19) in a panel data context

y = DNααα+ X∗βββ + [(X−X∗)βββ + εεε] ,

from which the Within estimator is

β̂ββ
∗
W = (X∗′MDN

X∗)−1X∗′MDN
y ,

or equivalently

β̂ββ
∗
W = (Z′EMDN

E′Z)−1Z′EMDN
Xβββ + (Z′EMDN

E′Z)−1Z′EMDN
εεε ,

where
MDN

y = MDN
X∗βββ + MDN

[(X−X∗)βββ + εεε].

The Within estimator is biased as E(β̂ββ
∗
W ) 6= βββ, because MDN

E′Z = MDN
X∗ 6= MDN

X.

In what follows we remain with the cross-sectional data framework for simplicity and when
needed we refer to panel data solutions.
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5 Consistent Estimation: Sub-sampling and Instrumental Vari-
ables

This section carries the main contribution of this paper. Here we propose two possible ap-
proaches to ensure consistent estimation, which later is extended to the use of instrumental
variables as well. Most importantly, we depart from the classical econometric approach to
estimation: we do not start assuming that the sample is given, but our main aim is to design
an environment and sampling that delivers estimation with good enough precision. In other
words we investigate what is a good method to gather the data (what is a good survey design)
in order to reduce the estimation bias presented earlier.
The main approach of the proposed methods is to create a number of sub-samples (S), while
fixing the number (M) of choice classes in each sub-sample, in order to reduce the bias.
We achieve this through changing the class boundaries between each sub-sample, which in
practice means different survey questionnaires for each sub-sample. In fact, this approach
utilizes the M consistency result previously discussed in Section 3 and transforms it into N
consistency, through using several sub-samples. The intuition behind the method is that this
leads to a better mapping of the unknown distribution of x and so reduces the estimation
bias. By merging the different sub-samples into one data set (let us call this the working
sample), we get b = 1, . . . , B overall number of choice classes across the merged sub-samples,
where B is much larger than M . In a given sub-sample each respondent (individual i) is given
one questionnaire only (in the case of cross sectional data). The set of respondents who fill
the questionnaire with the same class boundaries define a sub-sample. Each sub-sample has
N (s), s = 1, . . . , S number of observations (

∑
sN

(s) = N). In this setup a sub-sample looks
exactly as the problem introduced above in (1), the only difference across sub-sample is that
the class boundaries are different.4 Note that the number of observations across sub-samples
can be the same or, more likely, different. Now a sub-sample looks like:

x
(s)
i =



z
(s)
1 if xi ∈ C(s)

1 = [c
(s)
0 , c

(s)
1 ),

1st choice for sub-sample s,

z
(s)
2 if xi ∈ C(s)

2 = [c
(s)
1 , c

(s)
2 ),

...
...

z
(s)
m if xi ∈ C(s)

m = [c
(s)
m−1, c

(s)
m ),

...
...

z
(s)
M if xi ∈ C(s)

M = [c
(s)
M−1, c

(s)
M ],

last choice for sub-sample s.

(31)

Let us see a very simple illustrative example about this. Assume that M = 2, S = 2 as well,
N = 60, N (1) = 30 and similarly N (2) = 30. Let x be a continuously distributed variable in
the [0, 4] domain and let the class boundaries in the first sub-sample be [0, 2) and [2, 4], while
in the second sub-sample [0, 1) and [1, 4], with 10, 20, 5, and 25 observations respectively in
each class. Next, we merge the information obtained in the two sub-samples in one working
sample in such a way that we are not introducing any selection bias. This working sample
now has B = 3 classes (or bins): [0, 1), [1, 2) and [2, 4] and number of observations NWS with
the working sample’s artificially created variable xWS

i . Using the information from the 2nd

4In order to simplify the notation we use instead of x∗(s) simply x(s). For each sub-sample there is a new
random variable. Each of them is a discretized realization of the unknown random variable x.
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sub-sample we know that from 30 observations 5 are in the 1st bin. Similarly, we can deduce
that in the 2nd bin there are 5 observations as well, while in the last 3rd bin 20 (see Figure 4
below). Piecing this information together we can create xWS

i . Clearly, this way the working
sample maps (slightly) better the unknown distribution of x than any of the two sub-samples.

0 2 4

z
(1)
1 = 1 z

(1)
2 = 3

N (1) = 30

0 1 4

z
(2)
1 = 0.5 z

(2)
2 = 2.5

N (2) = 30

0 1 2 4

zWS
1 = 0.5 zWS

2 = 1.5 zWS
3 = 3

NWS = 60

Figure 4: The basic idea of sub-sampling.

5.1 Construction of the working sample

The construction of questionnaires for each sub-sample and the merger into the working sam-

ple can be done in many different ways, depending on boundary point setup (c
(s)
m ) and on

the choice values (z
(s)
m ) for the sub-samples. We assume that the number of observations (N),

their allocation among sub-samples (N (s)) and the number of sub-samples (S) are given, and
also that the number of choices (M) are fixed across sub-samples.

We assume now that the class boundaries in the working sample are the union of the sub-
samples’ class boundaries, that is

B⋃
b=0

cWS
b =

S⋃
s=1

M⋃
m=0

c(s)
m .

This translates in our example to the following: cWS
0 = c

(1)
0 = c

(2)
0 = 0; cWS

1 = c
(2)
1 = 1; cWS

2 =

c
(2)
1 = 2; cWS

3 = c
(1)
2 = c

(2)
2 = 4.

Also, we restrict the domain of the underlying distribution for each sub-samples: Let the
two boundary points of the underlying distribution al and au, such that al < au. Then we
construct the sub-sample questionnaires’ and the working sample’s boundary points such

that: al = c
(s)
0 = cWS

0 , au = c
(s)
M = cWS

B , ∀s. A further important case is when we use infinite
boundary points for al and/or au. Then all sub-samples have also infinite boundary points
at the boundary.
With the creation of S sub-samples we in fact introduce

x(1), . . . , x(s), . . . , x(S)
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new random variables (x(s) := ψ(s)(x)), where ψ(s)(.) is the function that discretizes the
continuous x into the choice classes of the sub-sample s. These then are defining a new
random variable xWS standing for the working sample

xWS = Ψ(x(1), . . . , x(s), . . . , x(S)) ,

where Ψ(.) is the ‘merging function’.

x

x(1)

x(s)

x(S)

xWS

ψ(1)(x)

ψ(s)(x)

ψ(S)(x)

x

Figure 5: Creation of the working sample’s random variable.

Each of the methods to be discussed below, specifies the functions ψ(s), the merging function
Ψ(·) and defines the random variable of the working sample xWS . These functions are different
across the methods, but all of them reflect the unknown random variable x. To do so we need
the following property to hold,

lim
s→∞

ES
[
xWS |y

]
= E [x|y] ,

which means that no selection bias is introduced through the mapping.

5.2 Probabilities in the working sample

First, when creating the working sample one must pay special attention to avoid introducing
any kind of ‘selection bias’ through the merger of the sub-samples.
Then, we also need to address, for later use, the following question: What is the probability
for a given observation to be in a given choice class in the working sample? To derive this, first
we have to derive the probability of an observation falling into a given sub-sample’s choice
class. Then we can introduce an assigning mechanism for an observation in a sub-sample to
a working sample class. Using this result, we can get the unconditional probability for an
observation to be in a given class in the working sample.
At the start, all individuals are allocated into a sub-sample. This, of course, defines the number
of observations in each sub-sample (N (s)), which in turn translates into the probability of a
given observation x, being in sub-sample s: Pr(x ∈ s). Uniformly assigning these individuals
to sub-samples is the most straightforward procedure, thus Pr(x ∈ s) = 1/S, however for the
general case we are going to use the probabilistic notations.
Now, we can define the probability for an observation to be between given boundary points
in a given sub-sample:

Pr
(
x ∈ C(s)

m

)
= Pr(x ∈ s)

∫ c
(s)
m

c
(s)
m−1

f(x)dx .
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In the next step, as we observe a response in a given sub-sample, we would like to derive
the the probability of an observation falling between given boundary points in the working
sample. For this (with no additional information) we need to assign these uniformly into the
working sample’s classes.5 This is a way to avoid introducing any kind of selection bias during
the merging process.

Pr
(
x ∈ CWS

b | x ∈ C(s)
m

)
=


cWS
b −cWS

b−1

c
(s)
m −c

(s)
m−1

, if cWS
b ≤ c(s)

m and cWS
b−1 ≥ c

(s)
m−1 ,

0, otherwise .

Using the above two equations we need to assign each individual from all sub-samples into
the working sample without any additional information. Thus the unconditional probability
of an individual falling in the working sample between given boundary points is

Pr
(
x ∈ CWS

b

)
=

S∑
s=1

Pr(x ∈ s)
M∑
m=1

Pr
(
x ∈ CWS

b | x ∈ C(s)
m

)∫ c
(s)
m

c
(s)
m−1

f(x)dx . (32)

To simplify, we can assume uniform assignment of the observations to each sub-samples, and
write

Pr
(
x ∈ CWS

b

)
=

1

S

S∑
s=1

∑
m

if CWS
b ∈C(s)

m

cWS
b − cWS

b−1

c
(s)
m − c(s)

m−1

∫ c
(s)
m

c
(s)
m−1

f(x)dx .

Let us have a practical remark. In some cases x may have infinite support which implies
classes not bounded from below and/or above. Usually this is related to survey questions like
“... or less” or “... or more”. Here we are facing censoring. As a consequence the difference

between the class’s choice value (e.g., z
(s)
1 in Equation (1)) and the class’s conditional mean

for the underlying distribution can be potentially infinite resulting in very large estimations
biases. We are going to see how to deal with this problem later on.

5.3 Magnifying method

In the magnifying method, one magnifies the domain of the answers within the original do-
main of the unknown distribution of x by one equally sized choice class. The sizes of the
classes depend on the number of sub-samples (S) and number of choice values (M). As the
number of sub-samples increases the class sizes decrease, which is the main benefit helping us
uncover the unknown underlying distribution.6 Figure 6 shows the main idea of the magnify-
ing method: The last line shows the working sample, while above one can see the individual
questionnaires for the case of M = 3, S = 4.

5Here we assume that the boundary points in the working sample are the union of the sub-samples’
boundary points.

6We fix the number of choice values M by assumption.
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sub-samples
S = 4,M = 3
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working sample

B = S(M − 2) + 2

Figure 6: The magnifying method.

The first and last sub-samples are slightly different from the sub-samples in-between. They
have one extra class with the same class width, while sub-samples in-between have M − 2
classes with the same class width. To further explore the properties of the magnifying method,
let us establish the connection between the number of magnified classes B in the working
sample, and the number of sub-samples (S) and choices (M)

B = S(M − 2) + 2 .

As mentioned above, we have 2 sub-samples, which lie in the boundary of the domain and
capture M − 1 classes of equal size; and there are S − 2 sub-samples in-between which are
capturing M − 2 classes. After some manipulations we get the number of the classes in the
working sample.
Given the fact that there are B classes in the working sample, we get the widths of these
classes, let call it h such, as:

h =
au − al

S(M − 2) + 2
.

Fixing the upper and lower bounds on the support for the sub-samples (al = cWS
0 = c

(s)
0 ; au =

cWS
B = c

(s)
M , ∀s), one can reduce the class size h→ 0 as S →∞. This also can be seen through

the working sample’s boundary points, which have the following simple form,

cWS
b = al + bh = al + b

au − al
S(M − 2) + 2

.

To show how the number of sub-samples affects the bias, we need the boundary points for
each sub-samples:

c(s)
m =


al or −∞ if m = 0,

al +mh if 0 < m < M and s = 1,

al + h [(s− 2)(M − 2) +M +m− 2] if 0 < m < M and s > 1,

au or ∞ if m = M.

(33)

The intuition behind this is the following: On the boundaries of the support, the sub-samples
take the value of the lower and upper bound. For the first sub-sample one needs to shift the
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boundary points m times. However, for the other sub-samples, one needs to push by h(M−1)
to shift through the first questionnaire and then h(M − 2) to shift through each in-between
sub-samples s− 2 times and then go to the m− 1 part. Doing the algebra will result in the
above equation.7 Algorithm 1 below summarizes how to create practically the sub-samples.

Algorithm 1 Magnifying method – creation of the sub-samples (ψ(s)(·))
1: For any given S and M . Set

B =S(M − 2) + 2

h =
au − al
B

s =1.

2: Set c
(s)
0 = al and c

(s)
M = au.

3: If s = 1, then set

c
(s)
1 = c

(s)
0 + h,

else set
c

(s)
1 = c

(s−1)
M−1 .

4: Set c
(s)
m = c

(s)
m−1 + h for m = 2, . . . ,M − 1.

5: If s < S then s := s+ 1 and goto Step 2.

From Equation (33), it is clear that the class widths differ from each other, within a sub-

sample. Let ||C(s)
m || = c

(s)
m − c(s)

m−1 be the m-th class width, then for the sub-samples which
are in-between the boundaries (1 < s < S) and substituting for h, we can write

||C(s)
m || =


(au − al)

(
s(M−2)+2
S(M−2)+2 + 1−M

S(M−2)+2

)
if m = 1, 1 < s < S,

au−al
S(M−2)+2 if 1 < m < M, 1 < s < S,

(au − al)
(

1− s(M−2)+1
S(M−2)+2

)
if m = M, 1 < s < S .

We can also define the class widths for the first and last sub-samples such as:

||C(1)
m || =


au−al

S(M−2)+2 if 1 ≤ m < M,

(au − al)
(

1− M−1
S(M−2)+2

)
if m = M,

||C(S)
m || =

(au − al)
(

1− M−1
S(M−2)+2

)
if m = 1,

au−al
S(M−2)+2 if 1 < m ≤M.

Note, that ||C(s)
m || ≤ ||C(s)

1 || and ||C(s)
m || ≤ ||C(s)

M ||. Formally, let define ζ := {C(s)
m | 1 < m <

M, 1 < s < S,C
(1)
m | 1 ≤ m < M,C

(S)
m | 1 < m ≤ M} to be the set of classes which have

the class width au−al
S(M−2)+2 . Then we can write Pr

(
(x− x(s))2|x ∈ ζ ≤ (x− x(s))2 | x 6∈ ζ

)
=

1, which is true if and only if, E [x] = E
[
x(s)
]
, ∀x. One example is when x is uniformly

distributed.

7There is an alternative way to formalize the boundary points, when one starts from au. The formalism
will then be symmetric and results in the same conclusions.
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Now, let us check the limit in the number of sub-samples. We end up with the following
limiting cases:

lim
S→∞

(
||C(s)

m ||
)

=


0 if m = 1, 1 < s < S,

0 if 1 < m < M, 1 < s < S,

au − al if m = M, 1 < s < S.

And for the first and last sub-sample:

lim
S→∞

(
||C(1)

m ||
)

=

{
0 if 1 ≤ m < M,

au − al if m = M,

lim
S→∞

(
||C(S)

m ||
)

=

{
au − al if m = M,

0 if 1 < m ≤M.

This formulation takes al as the starting point and expresses the boundary points given al.
However, we can use au as the starting point as well to shift the boundary point. This implies

that the convergences on the bounds (||C(s)
1 ||, ||C

(s)
M ||) will change, resulting those parts not

to converge to 0 in general.
Based on the different magnitude of the measurement error, depending on class widths,

now it is clear, that there are two types of observations: The first type is x
(s)
i ∈ ζ. Here,

the error is the smallest and has the feature of limS→∞

(
||C(s)

m ||
)

= 0. Moreover, these

observations have the same class width as the working sample’s classes and each of them can

be directly linked to a certain working sample class, by design. Formally, ∃C(s)
m
∼= CWS

b such

that c
(s)
m = cWS

b , c
(s)
m−1 = cWS

b−1. We call these values ‘directly transferable observations’, as we
can directly transfer them to and use them in the working sample. These observations are

denoted by xWS
i,DTO := x

(s)
i ∈ ζ, ∀s, and the related random variable by xWS

DTO.8

The second type of observations are all the others for which none of the above is true. We
call them ‘non–directly transferable observations’. Algorithm 2 describes how to construct
in practice the working sample using the directly transferable observations.

8Notation: for the estimation we are using the superscript ‘WS’ and defining the construction method in
the subscript – here ‘DTO’.
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Algorithm 2 Magnifying method - creation of the ‘DTO’ working sample (ΨDTO(·))

1: Set m = 1, s = 1 and xWS
i,DTO, y

WS
i,DTO, w

WS
i,DTO = ∅.

2: If C
(s)
m ∈ ζ, add observations from class C

(s)
m to the working sample:

xWS
i.DTO :=

xWS
i,DTO,

N⋃
j=1

(
x

(s)
j ∈ C

(s)
m

) ,

yWS
i.DTO :=

yWS
i,DTO,

N⋃
j=1

y
(s)
j |

(
x

(s)
i ∈ C

(s)
m

) ,

wWS
i.DTO :=

xWS
i,DTO,

N⋃
j=1

w
(s)
j |

(
x

(s)
i ∈ C

(s)
m

) ,

3: If s < S then s := s+ 1 and goto Step 2.
4: If s = S then s := 1 and set m = m+ 1 and goto Step 2.

Before proving the consistency of β̂, using only xWS
i,DTO — the directly transferable observations

in the working-sample — we need to make some assumptions on these observations.
The probability that a directly transferable observation lies in a given class of the working
sample can be written based on Equation (32) as the following,

Pr
(
x ∈ CWS

b

)
= Pr(x ∈ s)

∫ cWS
b

cWS
b−1

f(x)dx .

Here we used the fact that, individual i being assigned to a sub-sample s is independent from

i choosing the class with choice value z
(s)
m .

We want to ensure that in each class in the working sample, there are directly transferred ob-
servations. This will ensure that estimation is feasible. Thus for each sub-sample the expected
number of directly transferable observation is

E(NWS
b ) = E

(
N∑
i=1

1{xi∈CWS
b }

)

= N Pr(x ∈ s)
∫ cWS

b

cWS
b−1

f(x)dx.

(34)

Looking at Equation (34), we need some crucial assumptions:

• Pr(x ∈ s) > 0, which means that there are individuals assigned to each sub-sample s.

•
∫ cWS

b

cWS
b−1

f(x)dx > 0, thus the underlying distribution has positive values between the

boundary points cWS
b−1, c

WS
b . This means, there is a positive probability that the assigned

individuals take choices between cWS
b−1, c

WS
b .

To achieve consistency we would like to establish that

Pr
(
E(NWS

b ) > 0
)
→ 1 . (35)
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For this we can reformulate the Equation (34) by considering the number of observations up
to a certain boundary point, rather than the number of observations in a particular class.
That is checking for

Pr

(
E

[
b∑
i=1

NWS
i

]
> 0

)
→ 1 .

This gives the possibility to replace
∫ cWS

b

cWS
b−1

f(x)dx with
∫ cWS

b

cWS
0

f(x)dx. Since this is a CDF, and

hence a non-decreasing function, which is effectively showing that each class has non-empty
observations, we can write the following:

E

(
b∑
i=1

NWS
i

)
=E

(
N∑
i=1

1{xi<cWS
b }

)

=N Pr(x ∈ s)
∫ cWS

b

cWS
0

f(x)dx.

Next, we need to show that this is an increasing function in CWS
b . Now as N → ∞, under

the assumption that Pr(x ∈ s) = 1/S and S/N → c with c ∈ (0, 1) (this is satisfied when
S = cN)

lim
n→∞

E

(
b∑
i=1

NWS
i

)
=N Pr(xi < CWS

b )

=
1

c

∫ CWS
b

CWS
0

f(x)dx.

Note that the derivative with respect to CWS
b is 1

cf
(
CWS
b

)
> 0, so the expected number of

observations in each class is not 0. This completes our proof.
Some remarks: We can decrease c as close to 0 as we would like to. This means that there
are many more observations than number of sub-samples. On the other hand, we exclude
by assumption the case when c ≥ 1, which means that there are equal or more number of
sub-samples than observations. Then we most certainly would not observe values for each
working sample class.
This leads us to convergence in distribution. Using xWS

DTO, there is a direct mapping between
the classes of the sub-samples directly transferable observations and the working sample
classes (thus not inducing any distortion to the working sample’s distribution). As we have

proven Equation (35), we can say xWS
DTO

d−→ x under the above mentioned assumptions. This
way we have converted S convergence into an M convergence, restoring the underlying con-
tinuous distribution, which implies that the classical econometric results stand and the OLS
estimator is going to be consistent for β (and γ as well).
Next, let us consider the placement of the non-directly transferable observations. We have seen
that these observations do not reduce the measurement error in a systematic way. One way
to proceed is to drop them completely so they would not appear in the working sample (thus
only using xWS

i,DTO). However, it seems that too many could fall into this category, inducing a
large efficiency loss during the estimation.
Another approach would be to use the information available for these observations: the known
boundary points for these values. Then we could use all the directly transferable observations
from the working sample to calculate the conditional averages for all non-directly transferable
observations and replace them with those values. This way we could create an other variable
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to work with, which has the same number of observations as the number of respondents. Let
us denote this new variable xWS

i,ALL. This represents all the directly transferable observations
and the replaced values for non-directly transferable observations as well.

Let us formalize the non-directly transferable observations such as x
(s)
i ∈ Cχ, where

Cχ :=
⋃
s,m

C(s)
m

⋂
b

CWS
b = ζ{

is the set for non-directly transferable observations from all sub-samples, with χ = 1, . . . , 2(S−
1). We can then replace x

(s)
i ∈ Cχ with π̂χ, which denotes the sample conditional averages

π̂χ =

(
N∑
i=1

1{xWS
i,DTO∈Cχ}

)−1 N∑
i=1

1{xWS
i,DTO∈Cχ}

xWS
i,DTO.

Let us introduce xWS
i,NDTO as the variable which contains all the replaced values with π̂χ, ∀x(s)

i ∈
Cχ. This way we can create a new working sample as xWS

i,ALL := {xWS
i,DTO, x

WS
i,NDTO}, which

contains information from both types of observations.

Let us call π̂χ the ‘replacement estimator’ of the conditional expectation of the given class.
Under the assumptions of WLLN, it is straightforward to show that the ‘replacement esti-
mator’ for the sample conditional averages converges to the conditional expectations, thus
π̂χ → E(x|x ∈ Cχ) as N,S → ∞ under the same assumptions as before. This also implies
xWS
i,NDTO → E(x|x ∈ Cχ) as well, which means we are not introducing any errors during

the estimation when working sample xWS
i,ALL, as N,S → ∞, we are able to capture the first

moments of the underlying distribution. Algorithm 3 describes how to create in practice the
working sample using all observations. We also need to say something about the asymptotic

Algorithm 3 The magnifying method - creation of ‘ALL’ working sample (ΨALL(·))

1: Let, xWS
i,ALL := {xWS

i,DTO}, yWS
i,ALL := {yWS

i,DTO}, wWS
i,ALL := {wWS

i,DTO}
2: Set, m = 1, s = 1

3: If C
(s)
m ∈ Cχ, then calculate π̂χ and expand the working sample as,

xWS
i.ALL :=

xWS
i,ALL,

N⋃
j=1

π̂χ |
(
x

(s)
j ∈ C

(s)
m

) ,

yWS
i.ALL :=

yWS
i,ALL,

N⋃
j=1

y
(s)
j |

(
x

(s)
i ∈ C

(s)
m

) ,

wWS
i.ALL :=

xWS
i,ALL,

N⋃
j=1

w
(s)
j |

(
x

(s)
i ∈ C

(s)
m

) ,

4: If s < S then s := s+ 1 and goto Step 3.
5: If s = S then s := 1 and set m = m+ 1 and goto Step 3.

standard errors of this estimator, because if these are large, the replacement might not be
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favorable, as it may induce some further errors. To do so, one can think of π̂χ as an OLS esti-
mator, regressing 1{xWS

i,DTO∈Cχ}
on xWS

i,DTO. Here 1{xWS
i,DTO∈Cχ}

is a vector of indicator variables,

created by 2(S − 1) indicator functions: It takes a value of one for the directly transferable
observations, which are within Cχ.9 We can now write the following:

xWS
i,DTO = πππχ1{xWS

i,DTO∈Cχ}
+ ηi,

where πππχ stands for the vector of πχ,∀χ. The OLS estimator of πππχ is

π̂ππχ =
(
1′
xWS
i,DTO∈Cχ

1{xWS
i,DTO∈Cχ}

)−1
1′{xWS

i,DTO∈Cχ}
xWS
i,DTO ,

and under the standard OLS assumptions, we can write√
NWS
DTO (π̂ππχ − πππχ)

a∼ N (0,ΩΩΩχ) ,

where πππχ = E(x|x ∈ Cχ),∀χ.
The variance of the OLS estimator is

ΩΩΩχ = V (ηi)
(
1′
xWS
i,DTO∈Cχ

1{xWS
i,DTO∈Cχ}

)−1
.

Using this results one may decide whether to replace or not to replace.

We need to consider the censoring case for the magnifying method. One easy solution is to
drop those observations which have infinite class boundary. In the magnifying method this
means not having observations in the class(es) CWS

1 , if we have al = −∞ and/or CWS
B if au =

∞. This is having an effect on the underlying distributions as well. We artificially truncate
both y → ytr and x → xtr. For the truncated distribution, we can use all of derivations

presented above, and we end up with convergence in distribution as well: Fn,s(x
WS ∈ ζtr) d−→

F (xtr).10 Furthermore the parameter estimates βtr = β (under some reasonable assumptions),
which implies that the OLS estimator is consistent for the truncated observations as well.
Note that truncation implies that we can not replace the observations from the sub-samples
with infinite boundaries, and also, that the replacement estimator does not converge to the
conditional expectation due to the truncation.

5.4 Shifting method

The shifting method approaches the problem in a different way. It takes the original ques-
tionnaire as given, with fixed class widths and shifts the boundaries of each choice with a
given fixed value. This results in fixed class widths in the different sub-samples, except in
the boundary classes where the widths are changing. Increasing the sub-sample size does
not effect the boundary widths in-between the support, only the size of the shift (bar in the
boundary classes). We can approach this method in two ways: logically we could consider
the original questionnaire, and take the number of choices as fixed here, then as we shift the
boundaries add an extra class for each sub-sample at the boundary where, due to the shift,
the class width has increased. For the mathematical derivations, however, it is better to look

9The indicator variables are not independent from each other, while the non-transferable observation classes
(Cχ) are overlapping each others.

10ζtr := ζ ∩ {CWS
1 , CWS

B }.
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at each sub-sample separately and take the number of classes in each sub-sample as given,
with the exception of the first sub-sample, regarded as the starting benchmark. This way in
the first sub-sample there is one class less. We rely on this approach and Figure 7 shows the
sub-samples in this ‘reverse logic’ with S = 4 and with M = 4 classes.

0 6

0 6

0 6

0 6

2 4

0.5 2.5 4.5

1.0 3.0 5.0

1.5 3.5 5.5

Sub-samples
S = 4,M = 4

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
Working sample

B = (M − 1)× S

Figure 7: The shifting method.

As Figure 7 shows there is one sub-sample (the benchmark s = 1) where there is one class less
(M −1). Or, if one prefers, we can look at the benchmark as where we shifted the boundaries
with zero. To get the properties of the working sample, let us define the class widths for the
first sub-sample as au−al

M−1 . We want to split this into S part in order to be able to shift the
boundaries S times in order to have S sub-samples. Thus the size of the shift is the following:
au−al
S(M−1) . This way we can define the number of classes in the working sample as

B = S(M − 1).

Now, the boundary points for each sub-samples are

c(s)
m =


al or −∞, if m = 0,

al + (s− 1) au−al
S(M−1) + (m− 1)au−alM−1 if 0 < m < M,

au or ∞, if m = M.

For the working sample, we get cWS
b = al + b au−al

S(M−1) . For the class widths we can write:

||C(s)
m || =


0, if s = 1 and m = 1,
au−al
M−1 , if 1 < m < M,

(s− 1) au−al
S(M−1) , otherwise.

and for the class size in the working sample: ||CWS
b || = au−al

S(M−1) . Some additional remarks on
the boundary points:

• C(1)
1 is a non-existent class by the formalism, meaning it does not contain any observa-

tions, while it has class a size of 0.

• There are only two classes in the sub-samples which are congruent (with the same

boundary points) with the classes in the working sample: C
(2)
1
∼= CWS

1 , C
(S)
M
∼= CWS

B .
This means that directly transferable observations will not help us now.
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• One can not decrease the class widths between C
(s)
2 and C

(s)
M−1 in the sub-samples, with

increasing the number of sub-samples.

• However, the class widths in the working sample are indeed decreasing with increase
the number of sub-samples.

Algorithm 4 describes how to create in practice sub-samples using the shifting method.

Algorithm 4 The shifting method - creation of sub-samples (ψ(s)(·))
1: For any given S and M , set

B =S(M − 1)

h =
au − al
B

∆ =
au − al
M − 1

s =1.

2: Set c
(s)
0 = al and c

(s)
M = au.

3: If s = 1, set

c(s)
m = c

(s)
m−1 + ∆, m = 2, . . . ,M − 1

else
c(s)
m = c(s−1)

m + h, m = 1, . . . ,M − 1.

Note: c
(1)
1 does not exist.

4: If s < S then s := s+ 1 and goto Step 2.

The idea is to reconstruct the underlying distribution f(x), with creating a new random
variable, which incorporates the information content of the boundary points.
The observations of a class in the sub-sample s, can end up in several classes in the working
sample so the union of these classes gives one of the classes from the sub-samples

C(s)
m =


∅, if, s = 1 and m = 1,⋃s−1
b=1 C

WS
b , if, s 6= 1 and m = 1,⋃s−1+(m−1)(M−1)

b=s−1+(m−2)(M−1)C
WS
b , if, 1 < m < M,⋃B

b=B−S+s−1C
WS
b , if m = M.

(36)

Now, define Z(s,m), which creates sets for the scalar values of the working sample’s choice

values (zWS
b ) for each sub-sample class C

(s)
m ,

Z(s,m) =


{∅}, if, s = 1 and m = 1,⋃s−1
b=1{zWS

b }, if, s 6= 1 and m = 1,⋃s−1+(m−1)(M−1)
b=s−1+(m−2)(M−1){z

WS
b }, if, 1 < m < M,⋃B

b=B−S+s−1{zWS
b }, if m = M.

(37)

The number of elements Z(s,m) contains depends on the sub-sample and its class. We use

these sets to create a new artificial variable x†i as follows.
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Let us start the presentation with an example. Example: Let an observation x
(s)
i ∈ C

(s)
m . From

Equation (36) we know which working sample classes are included in C
(s)
m . Furthermore, we

also have a set of possible working sample choice values Z(s,m). Now x†i will be a randomly
chosen element of Z(s,m), using uniform probabilities.
The assignment mechanism can be written as

x†i |x
(s)
i ∈ C

(s)
m = z ∈ Z(s,m), with


Pr (1) , if s = 1 and m = 1,

Pr (1/(s− 1)) , if s 6= 1 and m = 1,

Pr (1/S) , if 1 < m < M, or

Pr (1/(S − s+ 1)) , if m = M.

(38)

While, by definition there is a direct mapping between z ∈ Z(s,m) and CWS
b , we can write

the probability of x†i ∈ CWS
b , using Equation (32) and assuming Pr(x ∈ s) = 1/S,

Pr
(
x†i ∈ C

WS
b

)
=



0, if s = 1 and m = 1,
1
S

∑S
s=2

1
s−1

∫
C

(s)
1 |CWS

b ∈C(s)
1

f(x)dx, if s 6= 1 and m = 1,

1
S2

∑S
s=1

∫
C

(s)
m |CWS

b ∈C(s)
m
f(x)dx, if 1 < m < M,

1
S

∑S
s=1

1
S−s+1

∫
C

(s)
M |C

WS
b ∈C(s)

M

f(x)dx, if m = M .

Algorithm 5 describes how to create an artificial variable, with a distribution which approx-
imate the underlying distribution of x.

Algorithm 5 The shifting method – creation of artificial variable (x†i )

1: Set s := 1,m := 1, x†i = ∅ .
2: Create the set of observations from the defined sub-sample class:

A(s)
m := {x(s)

i ∈ C
(s)
m }, ∀i

where A(s)
m has #(A(s)

m ) number of observations.
3: Create Z(s,m), the set of possible working sample choice values, defined by Equation

(37).

4: Draw Zj ∈ Z(s,m), j = 1, . . . ,#(A(s)
m ), with uniform probabilities given by Equation

(38).

Example: Let C
(2)
3 = [2.5, 4.5], A(s)

m = {3.5, 3.5, 3.5},#(A(s)
m ) = 3, Z(s,m) =

{2.75, 3.25, 3.75, 4.25}, the uniform probabilities are 1/4 for each choice values. Then we
pick values with the defined probability from the set of Z(s,m), 3 times with repetition,

resulting in
⋃#(A(s)

m )
j=1 Zj = {2.75, 3.25, 3.25}

5: Add these new values to x†i ,

x†i :=

x†i ,
#(A(s)

m )⋃
j=1

Zj


6: If s < S then s := s+ 1 and goto Step 2.
7: If s = S then s := 1 and set m = m+ 1 and goto Step 2.
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Now we show that the distribution this new variable converges to the distribution of the true
underlying random variable, x, as we increase the number of sub-samples. That is

lim
S→∞

Pr(x† < c) = Pr(x < c) ∀c ∈ (al, au)

or
lim
S→∞

FS(c) = F (c) ∀c ∈ (al, au),

where FS(c) = Pr(x† < c) and F (c) = Pr(x < c). As S →∞, ∃cWS
b = c for any c ∈ (al, au),

by construction. Furthermore, for any cWS
b , ∃l ∈ [1, S], m ∈ [1,M ] such that cWS

b = c
(l)
m . Also

note that as S → ∞ we need N → ∞ as well. Now consider Pr(x† < cWS
b ) = Pr(x† < c

(l)
m ),

given Pr(x ∈ S) = 1/S and using equation (32) gives

Pr(x† < c(l)
m ) =

1

S

S∑
s=1

Pr(x < c(l)m |x < c(s)m ) Pr(x < c(s)m ).

Note that the summation over the different classes in Equation (32) is being replaced as we

are considering the cumulative probability and that no value greater than c
(l)
m will be used as

a candidate in the working sample for cWS
b . Under the shifting method, c

(s)
m ≤ c

(l)
m for s < l

and using the definition of conditional probability gives

Pr(x† < c(l)
m ) =

1

S

S∑
s=1

Pr(x < c(l)
m , x < c(s)

m )

=
1

S

l∑
s=1

Pr(x < c(l)
m , x < c(s)

m ) +
1

S

S∑
s=l+1

Pr(x < c(l)
m , x < c(s)

m )

=
1

S

l∑
s=1

Pr(x < c(s)
m ) +

1

S

S∑
s=l+1

Pr(x < c(l)m ).

The last line follows from the fact that Pr(x < a, x < b) = Pr(x < a) if a < b, and the
construction of the shifting method allow us to always disentangle the two cases. Since l is
fixed

Pr(x† < c(l)
m ) =

S − l − 1

S
Pr(x < c(l)

m ) +
1

S

l∑
s=1

Pr(x < c(s)
m )

lim
S→∞

Pr(x† < c(l)
m ) = Pr(x < c(l)m ).

This completes the proof.
In addition to show that x† shares the same distribution as x in the limit, we are able say
something about the speed of convergence as well as we increase the number of sub-samples
(S). For each of the conditions in Equation (5.4), the corresponding expression is o(1). To
see this, note that f(x) is a density, so the integral is less than 1. First, consider the case of
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s 6= 1 and m = 1,

1

S

S∑
s=2

1

s− 1

∫
C

(s)
1 |CWS

b ∈C(s)
1

f(x)dx, ≤ 1

S

S∑
s=2

1

s− 1

=
1

S

S∑
s=1

1

s

=
1

S

∫ S

1

1

s
ds

=
logS

S
.

As S →∞, the ratio in the last line goes to 0. This is expected, if the widths of the classes in
the working sample go to zero. This is straightforward, while the probability of an observation
belong to a point is 0. The same derivations applies to the case when m = M . Now, consider
the case of 1 < m < M ,

1

S2

S∑
s=1

∫
C

(s)
m |CWS

b ∈C(s)
m

f(x)dx ≤ 1

S2

S∑
s=1

1

=
1

S
,

which also converges to 0 as S →∞, but at a faster rate than the previous cases.
Note, we cannot directly use x†i for estimation, while by design each individual observation
only represent the conditional mean for the given sub-sample’s class, and not the underlying
variable’s conditional expectation

E
(
x†i ∈ C

(s)
m

)
= E

(
x

(s)
i ∈ C

(s)
m

)
6= E

(
xi ∈ C(s)

m

)
.

However, while FS(x†) approximates the underlying distribution, we can use these values
to calculate the sample conditional means, for a given sub-sample class. Thus, the idea is
to use this artificial distribution to calculate the conditional means and replace the class
observations with these values.
Let π̂τ the replacement estimator for the shifting method, where τ = 1, . . . , SM . Let us define

π̂τ :=

(
N∑
i=1

1′
x
(s)
i ∈C

(s)
m

)−1 N∑
i=1

1′
x
(s)
i ∈C

(s)
m
x†i . (39)

Using the WLLN, it can be shown that the π̂τ for the sample conditional averages are in fact
converging to the true underlying distribution’s conditional expectations, thus

π̂τ → E(x|x ∈ C(s)
m )

as N,S →∞ under the same assumptions as before.

Using this fact, we can replace x
(s)
i ∈ C

(s)
m with π̂τ for each value, thus the working sample

becomes the set of replacement estimators for each observation

xWS
i,Shifting := {π̂τ}.
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We can also check the standard errors of the replacement estimator, to have an idea how
precise our results are:

x†i = πππτ1{x†i∈C
(s)
m }

+ ηi,

where πππτ stands for the vector of πτ , ∀τ . Using standard OLS technique we can derive

π̂ππτ =

(
1′
x†i∈C

(s)
m

1{x†i∈C
(s)
m }

)−1

1′
x†i∈C

(s)
m
x†i .

Under the standard OLS assumption, we can write
√
NWS (π̂ππτ − E [πππτ ])

a∼ N (0,ΩΩΩτ ) ,

where E (πππτ ) = E(x|x ∈ C(s)
m ),∀τ . Furthermore, the variance of the OLS estimator is given

by

ΩΩΩτ = V (ηi)

(
1′
x†i∈C

(s)
m

1{x†i∈C
(s)
m }

)−1

,

where π̂τ represents the first moments of the underlying random variable, thus using xWS
i,Shifting

for estimation will result in a consistent estimator for β. Algorithm 6 describes how to create
in practice a working sample with the shifting method.

Algorithm 6 Th shifting method – creation of working sample (ΨShifting(·))

1: Set s := 1,m := 1, {xWS
i , yWS

i , wWS
i } = ∅ .

2: Calculate the sample conditional mean π̂τ , for the given C
(s)
m class, using Equation (39).

3: Add the conditional mean π̂τ and the observed values y
(s)
j , w

(s)
j to the working sample,

xWS
i :=

xWS
i ,

N⋃
j=1

π̂τ |
(
xj ∈ C(s)

m

)
yWS
i :=

yWS
i ,

N⋃
j=1

y
(s)
j |

(
xj ∈ C(s)

m

)
wWS
i :=

wWS
i ,

N⋃
j=1

w
(s)
j |

(
xj ∈ C(s)

m

)
4: If s < S then s := s+ 1 and goto Step 2.
5: If s = S then s := 1 and set m = m+ 1 and goto Step 2.

5.5 Instrumental variables estimation

We can use the sub-sampling methods to create instrumental variables instead of replacing
the x∗i observations. Now we in fact need two survey questions in the case of cross-sectional
data, one is the original question, which gives the menu choice variable (x∗i ) and an other,
which will be providing the IV. Usually it is not practical to ask the same questions with dif-
ferent possible menu choices, but one may refer to different time periods/locations/taste/etc.,
where the underlying distribution is the same. For example in the case of shifting method, one
can ask ‘How much have you used public transport in this week?’ ‘0-20%, 20-40%, 40-60%,
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60-80%, 80-100%’ as the original menu choices, with a second question: ‘How much have you
used public transport in last week?’ ‘0-10%, 10-30%, 30-50%, 50-70%, 70-90%, 90-100%’ for
the IV.
There are some possible alternative specification, which are out of the scope for this paper,
but worth noting. One is, when one asks a more realistic question for the IV, which depends
on the question of the original menu choice response, like: ‘How much more or less have you
used public transportation in last week?’, with answers such ‘20% less, 10% less or equal, 10%
more or equal, 20% more’. This is more realistic, however it may induce an autoregressive
process, which must be modeled for proper inference.

In the case of panel data similar methods can be used as those outlined above for cross-
sections. This, however, may give us some additional flexibility. Sub-sampling now can be
used as follows: for the magnifying method, one can randomize the surveys assigned to each
individual, this way ensuring variation in the response.11 For the shifting method one can
ask each individual with randomly changing shifts.
With respect to the use of instrumental variables, one can ask the menu choice question at
some t points and the IV question at some other t time points (the same question, same M ,
but with different class limits). The assumption needed in this case is that, the questions are
paired such a way that they belong to the same underlying distribution and of course even
number of type periods are needed.
Finally, for repeated cross-sections the same procedures can be applied as for panel data.

5.6 Simulation results

Next, let us see the performance of our sub-sampling methods through some Monte Carlo
simulations. Overall, the results are aligned with the theoretical ones (see Tables 2, 3, 4 and 5).
The estimation biases are in general decreasing as we increase the number of observations and
the number of sub-samples. The relative performance of the methods, however, essentially
depends on two characteristics of the underlying distribution: Curvature (or the classes’
conditional expectations relation to the choice values, E [x | x ∈ Cm] and zm), and the fraction
of the probability mass covered by the surveys (or what is the probability that a certain part
of the distribution is neglected by the surveys: Pr (x < al) or Pr (x > au)).
In order to disentangle these two effects (as can be seen in Table 1), we have used an exponen-
tial distribution with parameter 0.5, which provides a distribution with flat curvature (thus
E [x | x ∈ Cm] and zm are close to each other) and a normal distribution with µx = 0, σ2

x = 0.2,
where the curvature is quite steep (thus E [x | x ∈ Cm] and zm are far from each other). Fur-
thermore, we have checked the truncated case, where the probability mass is completely
covered by the surveys and the censored case, where there is a non-negligible part of the
probability mass which cannot be used for the estimation.

11With magnifying method dropping observation may generate a missing data problem.
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f(·; al, au) E [x | x ∈ Cm] and zm
∫ au
al
f(·)

Exp (0.5; 0, 1)
close to each other

complete mapping (100%)
Exp (0.5; 0,∞) weak mapping (39%)

N (0, 0.2;−1, 1)
far from each other

complete mapping (100%)
N (0, 0.2;−∞,∞) good mapping (99%)

Table 1: Distributions used for the underlying random variable x.

As theory suggests, in general, the bias decreases as we increase the number of observations
(N) and the number of sub-samples (S). The magnitude of the bias reduction depends on
the method, the underlying distribution and the number of choice values (M). Next, let us
go through the main simulation results method by method.

• Magnifying method – Truncated case

– Exp(0.5; 0, 1): The bias decreases in S and N . The increase of M has no significant
effect, because the conditional expected values and choice values are close to each
other. The standard errors are decreasing in N , but slightly increasing in S. This is
due to the fact, that the share of directly transferable observations is decreasing in
S. This implies more replacement estimators, which in turn increases the standard
errors of the estimated coefficient. The absolute bias therefore first decreases, then
start to increase as the effect of standard errors starts to dominate. Overall, with
flat curvature and complete mapping of the probability mass, S/N should be above
0.01% and M can be small.

– N (0, 0.2;−1, 1): The bias decreases in S and N . There is a significant decrease in
the bias if we increaseM , because the conditional expected values and choice values
are not close to each other. All other results are the same as in the exponential
case above. Overall, with steep curvature and complete mapping of probability mass,
S/N should be above 0.01% and increasing M can significantly reduce the bias.

• Magnifying method – Censored case

– Exp(0.5; 0,∞) and N (0, 0.2;−∞,∞): The bias is first decreases, but then it starts
to increase again. This is due to the fact there are only few observations to cal-
culate the replacement estimator values for non-directly transferable observations.
This lack of precision introduces bias during the estimation of β. The number
of observation is radically decreasing as S increases and the standard errors are
increasing in S as well. The absolute bias is mainly driven by the standard er-
rors. Overall, without complete mapping of the probability mass, the main driver
of the bias is the number of observations in the working sample. With fewer sub-
samples one can decrease the absolute bias, but using too many sub-samples will
be counter-productive. S/N < 0.01% is a good thumb rule here as well.

• Shifting method – Truncated case

– Exp(0.5; 0, 1): The bias decreases in S and N . Using larger S will not help reducing
the bias on the same scale as in the magnifying method due to boundary classes’
slow convergence. On the other hand, using more choices (M) will reduce the bias.
It is interesting to note that the standard errors remain unchanged as S increases.
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The absolute bias decreases and gets smaller than in the benchmark case (with
no sub-sampling) if we have large amount of observations. Overall, with complete
mapping of the probability mass and flat curvature distribution, increasing M helps
to reduce the bias,and increasing S also decreases it, but at a much slower rate.
One needs large amount of observations in order to reduce the standard errors as
well. As a rule of thumb one may use a smaller number of sub-samples.

– N (0, 0.2;−1, 1): The bias decreases in S and N . Using larger S helps to reduce the
bias significantly similarly as using larger M . This makes the approximation much
better at the boundaries. Standard errors are the same as in the benchmark case,
and does not change as S or M increases. The absolute bias is decreasing in N
and S. Overall, with complete mapping of the probability mass and steep curvature
distribution, increasing M and S helps to reduce the bias more effectively. The
absolute bias is also decreasing in N , M and S.

• Shifting method – Censored case

– Exp(0.5; 0,∞): The bias is decreasing in N and S, but it decreases more slowly in
S, because the main drivers of the bias are the boundary classes. Increasing M will
help to significantly reduce the bias. The standard errors and the absolute bias
behaves similarly as in the truncated case. Note that the number of observations
used for the estimation is much larger than in the magnifying case! Overall, without
complete mapping of the probability mass, with flat curvature distribution, using
few sub-samples will eliminate the main bias and increasing M can help to reduce
it even more.

– N (0, 0.2;−∞,∞): The bias is decreasing in N and S. Now, the boundary classes
only take up a small fraction of the probability mass of the distribution so these
classes have a much smaller role in driving the bias, resulting in a much faster bias
reduction. Furthermore, increasing the number of choices decreases the bias fur-
ther. The standard errors, however, are slightly larger than in the benchmark case.
The absolute bias is decreasing in N , M and S as well. Overall, without complete
mapping of the probability mass, with steep curvature distribution, increasing both
S and M will reduce the bias significantly.

• Comparison of the Magnifying and Shifting methods

– Exp(0.5; ·): In the truncated case the performances very similar. In the censored
case, the bias is smaller for the magnifying method when S/N < 0.01%. In all other
cases the shifting method outperforms the magnifying one. This is due to the fact
that the magnifying method drops many more observations by construction.

– N (0, 0.2; ·): In the truncated case the magnifying method decreases the bias much
efficiently than the shifting method. For the censored case the results are very
similar to the exponential distribution, if M is small. However, the shifting method
becomes better if we use larger M .

• Survey design implications

– When some features of the underlying distribution are known or some assump-
tions about them can be made (about the curvature and the probability mass’s
distribution) then the most suitable method, sub-sample size, etc. can be picked
for a given application:
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∗ With steep curvature use larger M .

∗ When only a small fraction of probability mass is covered by the surveys, you
must choose your main aim. If you would like to minimise the absolute bias
use shifting, if you better like small bias but are not worried about a more
noisy estimator then use the magnifying method.

– In the case of shifting and/or censoring, extra choices on the boundaries can help
to improve the performance of the methods:

∗ In the case of shfting you may add an extra small class in the boundaries this
will result in a faster bias reduction.

∗ In the case of censoring there is a clear cut from where to drop the observations,
which enables us to control the censoring and so reduce the number of dropped
observations.

Magnifying method - used as xWS
i,All

Truncated Censored
BM S=10 S=50 S=100 BM S=10 S=50 S=100

bias
N=10,000 -0.0182 0.0032 0.0020 0.0015 0.1341 -0.0026 -0.1147 -0.2728
N=100,000 -0.0185 0.0020 0.0012 0.0016 0.1342 -0.0029 -0.0151 -0.0473
N=500,000 -0.0190 0.0004 0.0004 0.0008 0.1339 -0.0008 -0.0013 -0.0182

absbias
N=10,000 0.0415 0.0807 0.0902 0.0929 0.1342 0.3105 0.4537 0.5312
N=100,000 0.0208 0.0284 0.0312 0.0320 0.1339 0.0971 0.1676 0.2264
N=500,000 0.0191 0.0121 0.0138 0.0140 0.1342 0.0438 0.0760 0.1049

se
N=10,000 0.0489 0.1024 0.1147 0.0445 0.0785 0.3872 0.5653 0.6019
N=100,000 0.0163 0.0355 0.0392 0.0401 0.0137 0.1218 0.2108 0.2794
N=500,000 0.0073 0.0152 0.0172 0.0175 0.0061 0.0554 0.0961 0.1301

numObs
N=10,000 10,000 10,000 10,000 10,000 10,000 696 212 181
N=100,000 100,000 100,000 100,000 100,000 100,000 6,874 1,693 941
N=500,000 500,000 500,000 500,000 500,000 500,000 34,348 8,267 4,310

Shifting method - used as xWS
i

Truncated Censored
BM S=10 S=50 S=100 BM S=10 S=50 S=100

bias
N=10,000 -0.0182 0.0023 0.0025 0.0027 0.1341 0.0864 0.0843 0.0861
N=100,000 -0.0185 0.0019 0.0021 0.0021 0.1342 0.0859 0.0809 0.0801
N=500,000 -0.0190 0.0018 0.0017 0.0016 0.1339 0.0865 0.0815 0.0805

absbias
N=10,000 0.0415 0.0703 0.0701 0.0701 0.1342 0.1811 0.1642 0.1630
N=100,000 0.0208 0.0238 0.0236 0.0235 0.1339 0.0926 0.0873 0.0869
N=500,000 0.0191 0.0103 0.0103 0.0103 0.1342 0.0866 0.0816 0.0806

se
N=10,000 0.0489 0.0879 0.0878 0.0879 0.0785 0.2078 0.1891 0.1864
N=100,000 0.0163 0.0297 0.0294 0.0293 0.0137 0.0683 0.0633 0.0632
N=500,000 0.0073 0.0130 0.0130 0.0130 0.0061 0.0308 0.0283 0.0280

numObs
N=10,000 10,000 10,000 10,000 10,000 10,000 5,071 5,334 5,387
N=100,000 100,000 100,000 100,000 100,000 100,000 50,704 53,162 53,491
N=500,000 500,000 500,000 500,000 500,000 500,000 253,492 265,711 267,270

Table 2: Exp (0.5) , Supp = [0, 1], M=3; BM: Benchmark, see Table 9.
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Magnifying method - used as xWS
i,ALL

Truncated Censored
BM S=10 S=50 S=100 BM S=10 S=50 S=100

bias
N=10,000 -0.0798 -0.0051 -0.0015 -0.0005 -0.0552 -0.0053 -0.1419 -0.3182
N=100,000 -0.0800 -0.0055 -0.0002 -0.0003 -0.0552 -0.0053 -0.0188 -0.0751
N=500,000 -0.0803 -0.0057 -0.0002 0.0000 -0.0554 -0.0054 -0.0037 -0.0160

absbias
N=10,000 0.0798 0.0264 0.0318 0.0356 0.0553 0.0669 0.1699 0.3198
N=100,000 0.0800 0.0100 0.0109 0.0120 0.0552 0.0226 0.0461 0.0863
N=500,000 0.0803 0.0063 0.0050 0.0054 0.0554 0.0104 0.0194 0.0301

se
N=10,000 0.0224 0.0329 0.0401 0.0447 0.0220 0.0842 0.1534 0.1485
N=100,000 0.0074 0.0111 0.0136 0.0151 0.0074 0.0282 0.0540 0.0721
N=500,000 0.0033 0.0051 0.0063 0.0068 0.0031 0.0117 0.0241 0.0349

numObs
N=10,000 10,000 10,000 10,000 10,000 10,000 946 241 195
N=100,000 100,000 100,000 100,000 100,000 100,000 9,381 1,983 1,069
N=500,000 500,000 500,000 500,000 500,000 500,000 46,891 9,730 4,953

Shifting method
Truncated Censored

BM S=10 S=50 S=100 BM S=10 S=50 S=100

bias
N=10,000 -0.0811 -0.0244 -0.0240 -0.0242 -0.0552 0.0106 0.0067 0.0049
N=100,000 -0.0810 -0.0246 -0.0241 -0.0241 -0.0552 0.0103 0.0069 0.0062
N=500,000 -0.0811 -0.0246 -0.0242 -0.0242 -0.0554 0.0102 0.0071 0.0065

absbias
N=10,000 0.0811 0.0288 0.0285 0.0286 0.0553 0.0346 0.0323 0.0316
N=100,000 0.0810 0.0246 0.0241 0.0241 0.0552 0.0137 0.0115 0.0112
N=500,000 0.0811 0.0246 0.0242 0.0242 0.0554 0.0104 0.0076 0.0072

se
N=10,000 0.0224 0.0251 0.0253 0.0253 0.0220 0.0421 0.0401 0.0395
N=100,000 0.0071 0.0083 0.0083 0.0082 0.0074 0.0134 0.0127 0.0126
N=500,000 0.0033 0.0036 0.0037 0.0037 0.0031 0.0059 0.0056 0.0055

numObs
N=10,000 10,000 10,000 10,000 10,000 10,000 8,064 8,250 8,280
N=100,000 100,000 100,000 100,000 100,000 100,000 80,631 82,428 82,654
N=500,000 500,000 500,000 500,000 500,000 500,000 403,167 412,108 413,203

Table 3: N (0, 0.2) , Supp = [−1, 1], M=3; BM: Benchmark, see Table 10.

Magnifying method - used as xWS
i,All

Truncated Censored
BM S=10 S=50 S=100 BM S=10 S=50 S=100

bias
N=10,000 -0.0074 0.0037 0.0004 -0.0002 0.1304 -0.0063 -0.1343 -0.2709
N=100,000 -0.0072 0.0014 0.0013 0.0012 0.1307 -0.0038 -0.0156 -0.0494
N=500,000 -0.0078 0.0005 0.0006 0.0007 0.1303 -0.0011 -0.0033 -0.0099

absbias
N=10,000 0.0394 0.0841 0.0908 0.0919 0.1305 0.2472 0.4654 0.5010
N=100,000 0.0145 0.0291 0.0314 0.0325 0.1307 0.0809 0.1599 0.2147
N=500,000 0.0090 0.0124 0.0138 0.0140 0.1303 0.0365 0.0746 0.1027

se
N=10,000 0.0489 0.1068 0.1155 0.1164 0.0437 0.3081 0.5710 0.5767
N=100,000 0.0165 0.0364 0.0395 0.0405 0.0135 0.1025 0.2048 0.2647
N=500,000 0.0073 0.0155 0.0173 0.0177 0.0059 0.0458 0.0938 0.1278

numObs
N=10,000 10,000 10,000 10,000 10,000 10,000 804 218 183
N=100,000 100,000 100,000 100,000 100,000 100,000 7,962 1,750 955
N=500,000 500,000 500,000 500,000 500,000 500,000 39,775 8,547 4,383

Shifting method - used as xWS
i

Truncated Censored
BM S=10 S=50 S=100 BM S=10 S=50 S=100

bias
N=10,000 -0.0074 0.0020 0.0018 0.0016 0.1304 0.0269 0.0292 0.0311
N=100,000 -0.0072 0.0016 0.0015 0.0015 0.1307 0.0218 0.0209 0.0212
N=500,000 -0.0078 0.0007 0.0006 0.0006 0.1303 0.0221 0.0218 0.0218

absbias
N=10,000 0.0489 0.0674 0.0678 0.0680 0.1305 0.1112 0.1057 0.1053
N=100,000 0.0165 0.0230 0.0230 0.0230 0.1307 0.0394 0.0380 0.0381
N=500,000 0.0073 0.0099 0.0099 0.0099 0.1303 0.0247 0.0243 0.0243

se
N=10,000 0.0843 0.0837 0.0844 0.0846 0.0437 0.1359 0.1294 0.1280
N=100,000 0.0279 0.0285 0.0286 0.0285 0.0135 0.0444 0.0425 0.0425
N=500,000 0.0131 0.0124 0.0124 0.0124 0.0059 0.0200 0.0195 0.0193

numObs
N=10,000 10,000 10,000 10,000 10,000 10,000 6,379 6,552 6,589
N=100,000 100,000 100,000 100,000 100,000 100,000 63,814 65,404 65,619
N=500,000 500,000 500,000 500,000 500,000 500,000 319,061 326,956 327,963

Table 4: Exp (0.5) , Supp = [0, 1], M=5; BM: Benchmark see Table 9.
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Magnifying method - used as xWS
i,All

Truncated Censored
BM S=10 S=50 S=100 BM S=10 S=50 S=100

bias
N=10,000 -0.0311 -0.0005 -0.0002 -0.0004 -0.0097 -0.0044 -0.1536 -0.3267
N=100,000 -0.0313 -0.0004 0.0001 0.0000 -0.0099 -0.0010 -0.0178 -0.0794
N=500,000 -0.0315 -0.0008 -0.0000 0.0000 -0.0100 -0.0010 -0.0039 -0.0164

absbias
N=10,000 0.0328 0.0274 0.0324 0.0368 0.0195 0.0649 0.1780 0.3282
N=100,000 0.0313 0.0093 0.0111 0.0121 0.0106 0.0204 0.0460 0.0901
N=500,000 0.0315 0.0042 0.0050 0.0054 0.0100 0.0095 0.0200 0.0306

se
N=10,000 0.0226 0.0343 0.0404 0.0461 0.0234 0.0815 0.1523 0.1495
N=100,000 0.0078 0.0116 0.0139 0.0152 0.0074 0.0257 0.0544 0.0747
N=500,000 0.0033 0.0052 0.0063 0.0068 0.0033 0.0118 0.0243 0.0346

numObs
N=10,000 10,000 10,000 10,000 10,000 10,000 973 243 196
N=100,000 100,000 100,000 100,000 100,000 100,000 9,643 1,994 1,072
N=500,000 500,000 500,000 500,000 500,000 500,000 48,204 9,771 4,965

Shifting method - used as xWS
i

Truncated Censored
BM S=10 S=50 S=100 BM S=10 S=50 S=100

bias
N=10,000 -0.0311 -0.0052 -0.0050 -0.0052 -0.0097 0.0049 0.0038 0.0034
N=100,000 -0.0313 -0.0049 -0.0047 -0.0047 -0.0099 0.0054 0.0038 0.0035
N=500,000 -0.0315 -0.0052 -0.0049 -0.0049 -0.0100 0.0053 0.0037 0.0035

absbias
N=10,000 0.0328 0.0198 0.0198 0.0197 0.0195 0.0248 0.0241 0.0240
N=100,000 0.0313 0.0077 0.0076 0.0076 0.0106 0.0089 0.0082 0.0081
N=500,000 0.0315 0.0054 0.0052 0.0052 0.0100 0.0058 0.0046 0.0045

se
N=10,000 0.0226 0.0242 0.0243 0.0243 0.0234 0.0307 0.0300 0.0299
N=100,000 0.0078 0.0082 0.0083 0.0083 0.0074 0.0098 0.0095 0.0095
N=500,000 0.0033 0.0036 0.0036 0.0036 0.0033 0.0044 0.0043 0.0043

numObs
N=10,000 10,000 10,000 10,000 10,000 10,000 9,089 9,156 9,168
N=100,000 100,000 100,000 100,000 100,000 100,000 90,884 91,525 91,606
N=500,000 500,000 500,000 500,000 500,000 500,000 454,421 457,602 457,994

Table 5: N (0, 0.2) , Supp = [−1, 1], M=5; BM: Benchmark, see Table 10.

Next, let us expand a bit our approach toward the use of instrumental variables. We can
in fact construct an instrument, using the sub-sampling methods. In practice there might
be several way to carry this out. One possibility is to split the sample into two parts: The
first keeps the ‘original’ surveys without any sub-sampling; in the second sub-sampling is
performed by any of the methods outlined above. An other way is to ask the same question
twice: One refers to the ‘original’ question and the second is coming from a sub-sampling
method.
The success of the instrumental estimation depends on the correlation between the ‘original’
variable and the instrumental variable. We used the same simulation setup as outlined above,
but now carried out IV estimation. Our results suggests that using larger number of choice
classes (M) significantly increases the correlation between the variables, resulting in better
estimates in general. For the truncated case the IV estimation resulted in the same or worse
results in terms of bias and absolute bias, except when shifting method is employed on the
normal distribution. Here we get higher correlation values and smaller bias. When we used the
shifting method in the censored case, the bias became significantly smaller with larger M and
S. Overall, with the magnifying method or when the support of the underlying distribution
is controlled (truncated case), using IV estimation will not result in (much) better results.
However, when one uses the shifting method and there is censoring, the IV estimation becomes
much better, especially with larger M , independently from the underlying distribution.

At the end of the paper is worth talking briefly about some extensions. First, the lines between
menu choice type observations and continuous ones can be quite blurred. Let us take again
our example in model 4. But ask the question directly, say by moving an indicator on the
screen between 0 and 100. The ‘usual’ way to approach these types of observations is to
consider them with a measurement error, i.e., by adding a white noise random term. We are
arguing here that in some cases another approach may be more realistic. Say that in our
example one observation is 63%. This means that it can be considered as a menu choice type
observation that falls into the [65%–70%] class (if we assume 20 classes, i.e., 5% ‘precision’
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for the observations), with random class boundaries and random class midpoints. That is the
‘real’ answer to the question in this case is ‘around 65%–70%’.
Going back to Equation (10), but instead of assuming that each menu/class is represented by
its midpoint zm, m = 1, . . . ,M , we can assume, that the responses are randomly distributed
on the domain of each class Cm, ζm ∼ fζm . Even if assume that this distribution is known,
which is in fact the expectation on what kind of bias the respondents might make when
answering, it can be shown that the OLS will only be consistent in some very special cases.
Namely, only when the random variable ζm have the same expected value as the underlying
random variable x, conditional on each class Cm, m = 1, . . . ,M , which in general is quite an
unlikely scenario.
Let us now return to the definition of the class boundaries in Equation (9) and consider
the case when they all are random variables on disjoint sub-intervals of [a, b] rather than
constants. Let δm ∼ f∆m for m = 0, . . . ,M be the independent random boundaries and the
expected value of the intermediate boundaries be E(∆m) = cm form = 1, . . . ,M−1. Therefore
now we have random classes of the following form C1 = [∆0,∆1), C2 = [∆1,∆2), . . . , CM =
[∆M−1,∆M ]. Note that if the distribution of ∆0 and ∆M is not trivial (Dirac–delta), then
their expected value does not match the lower and upper bound of the whole domain a and
b. Now, very similarly as in the case of stochastic class midpoint, β̂∗OLS is only consistent, in
the unlikely case when the expected value of the class value Zm matches the expected value
of the underlying random variable x conditional on each class Cm, m = 1, . . . ,M .
Let us realize here that this case covers the ‘rounding up’ problem as well, when an answer,
say 65% is in fact a rounded up value by the respondent. This 65 can be considered as
a stochastic class midpoint, with random class boundaries, where the width of a class is
dependent on the researcher’s confidence in the answer.
Another issues should be mentioned as well. There is some evidence in the behavioural lit-
erature, that the answers to a question may depend on the way the question is asked (see,
e.g., Diamond and Hausman (1994), Haisley et al. (2008) and Fox and Rottenstreich (2003)).
Although this can be formalized in many different ways, in our context, the simplest way to
deal with this seems to introduce sub-sample specific fixed effects in the model, which may
take care of this type of likely shifts in the answers.12

6 Conclusion

This paper investigated the effects of using discretized ordered choice variables in a linear
regression model when the underlying variable is not observed. This situation arises often in
survey data when continuous variables, such as income for example, are not captured directly,
but rather, being replaced by a set of M menu choices. Unlike other studies in the literature,
our approach considered the more realistic case when the underlying distribution of the
unobserved explanatory variables is unknown and the values of each menu/class choice can be
arbitrary assigned. With fixed M , the results showed that using the menu choice counterparts
as explanatory variables in a linear regression will lead to biased and inconsistent parameters
estimates. The well known techniques to create consistent estimators require information
from the distributions of the underlying explanatory variables, which are presumed to be
unknown and therefore are cannot be applied here.

12Naturally, this issue needs much further exploration, depending on how we formalize the dependence of
the answers on the way the questions have been set up in the sub-samples.

38



This paper proposed a novel survey construction by sub-sampling. Using the fact the dis-
cretized variables approach their unobserved continuous counterparts when M grows, the
proposed approach essentially replaces the requirement of M being sufficiently large to the
more standard scenario where the number of individuals, N is very large. Monte Carlo sim-
ulations showed that the methods put forward work reasonably well and they may have
significant implications on the future of survey design.

Appendix: Some Monte Carlo Simulation Results on the Bias

Let us use the same very simple model as in Section 3.
The basic setup of the Monte Carlo experiment was: εi ∼ N (0, σ2), β = 0.5, x was generated
as Uniform, Normal, Exponential, and Weibull distributions with several different parameter
setups. One thousand Monte Carlo experiments (mc = 1, . . . , 1000) were run for each setup,
for sample sizes (N =) 10,000; 100,000 and 500,000 and different σ2 variances. When gener-
ating x∗, observation outside the support, whenever relevant, would be discarded (truncated
approach), or assigned to the limit of the menu/class (censored approach). We report the av-
erage bias (β̄mc =

∑
mc(β̂mc−β)/1000), the average absolute bias (

∑
mc |β̂mc−β|/1000), and

the standard error of the β̂ estimated parameter (
√∑

mc(β̂mc − β̄mc)2/1000). The Kullback–

Leibler proximity/discrepancy index (Kullback and Leibler (1951), Kullback (1959), Kullback
(1987)) has also been calculated to appreciate how different a given distribution is from the
uniform:

KL =

∫
p(x) log

p(x)

f(x)
dx,

where p(x) is the uniform distribution and f(x) is the relevant truncated or censored normal
distribution.
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Uniform Distribution

Uniform[-1,1]
M=3 M=5 M=10 M=20 M=50

bias
N=10,000 -0.0005 -0.0005 -0.0005 -0.0005 -0.0006
N=100,000 -0.0008 -0.0010 -0.0008 -0.0008 -0.0008
N=500,000 -0.0008 -0.0010 -0.0010 -0.0010 -0.0010

absbias
N=10,000 0.0322 0.0307 0.0303 0.0302 0.0300
N=100,000 0.0103 0.0100 0.0098 0.0097 0.0097
N=500,000 0.0049 0.0049 0.0049 0.0048 0.0048

se
N=10,000 0.0406 0.0390 0.0384 0.0382 0.0380
N=100,000 0.0129 0.0124 0.0123 0.0122 0.0122
N=500,000 0.0060 0.0059 0.0058 0.0058 0.0058

Uniform[0,1]
M=3 M=5 M=10 M=20 M=50

bias
N=10,000 -0.0008 -0.0008 -0.0008 -0.0008 -0.0008
N=100,000 -0.0006 -0.0007 -0.0006 -0.0006 -0.0006
N=500,000 -0.0010 -0.0012 -0.0012 -0.0011 -0.0012

absbias
N=10,000 0.0298 0.0295 0.0293 0.0292 0.0292
N=100,000 0.0100 0.0098 0.0098 0.0098 0.0098
N=500,000 0.0044 0.0044 0.0044 0.0044 0.0044

se
N=10,000 0.0375 0.0372 0.0369 0.0369 0.0369
N=100,000 0.0126 0.0123 0.0123 0.0123 0.0123
N=500,000 0.0054 0.0054 0.0054 0.0054 0.0054

Uniform[0,10]
M=3 M=5 M=10 M=20 M=50

bias
N=10,000 -0.0001 -0.0001 -0.0001 -0.0001 -0.0001
N=100,000 -0.0001 -0.0001 -0.0001 -0.0001 -0.0001
N=500,000 -0.0001 -0.0001 -0.0001 -0.0001 -0.0001

absbias
N=10,000 0.0031 0.0030 0.0029 0.0029 0.0029
N=100,000 0.0010 0.0010 0.0010 0.0010 0.0010
N=500,000 0.0005 0.0004 0.0004 0.0004 0.0004

se
N=10,000 0.0038 0.0037 0.0037 0.0037 0.0037
N=100,000 0.0013 0.0012 0.0012 0.0012 0.0012
N=500,000 0.0006 0.0005 0.0005 0.0005 0.0005

Table 6: Uniform distribution: β = 0.5, σ2 = 5

From Table 6 the unbiasedness and consistency (in sample size) of the OLS estimator can
clearly be seen in the case of the uniform distribution, similarly as the, somewhat slower,
convergence in M . We have also done simulations with different σ2 and β, the same results
holds. For smaller σ2 the bias is smaller, for different β the results are almost exactly the
same.
Let us turn next our attention to some other distributions.

Normal Distribution

From Table 7 it is clear that the OLS estimator is biased and inconsistent, with a negative
bias, as predicted by the theory, both in the case of truncation and censoring. Although the
theory suggests that intercept picks up some of the bias, in practice the difference between
with and without intercept – in this case – is small, approximately 3-5%. It also interesting
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to notice that Kullback-Liebler index gives a good indication of the bias (see Table 8). The
bias tends to be smaller where this index is small and vice versa.

Bias
Truncated Censored

N=10,000 N=100,000 N=500,000 N=10,000 N=100,000 N=500,000
σ2
x = 0.1 -0.0593 -0.0603 -0.0607 -0.0582 -0.0567 -0.0575
σ2
x = 0.2 -0.0320 -0.0323 -0.0329 -0.0110 -0.0101 -0.0103
σ2
x = 0.3 -0.0224 -0.0223 -0.0226 0.0272 0.0283 0.0280
σ2
x = 0.4 -0.0176 -0.0171 -0.0173 0.0619 0.0630 0.0628
σ2
x = 0.5 -0.0142 -0.0139 -0.0141 0.0938 0.0950 0.0948
σ2
x = 0.6 -0.0118 -0.0118 -0.0120 0.1239 0.1248 0.1245
σ2
x = 0.7 -0.0102 -0.0103 -0.0105 0.1517 0.1527 0.1524
σ2
x = 0.8 -0.0092 -0.0091 -0.0093 0.1783 0.1791 0.1788
σ2
x = 0.9 -0.0082 -0.0082 -0.0084 0.2032 0.2042 0.2039
σ2
x = 1 -0.0074 -0.0075 -0.0077 0.2271 0.2280 0.2278

Abs. Bias
Truncated Censored

N=10,000 N=100,000 N=500,000 N=10,000 N=100,000 N=500,000
σ2
x = 0.1 0.0730 0.0603 0.0607 0.0710 0.0568 0.0575
σ2
x = 0.2 0.0485 0.0326 0.0329 0.0417 0.0151 0.0106
σ2
x = 0.3 0.0416 0.0233 0.0226 0.0435 0.0285 0.0280
σ2
x = 0.4 0.0382 0.0188 0.0173 0.0651 0.0630 0.0628
σ2
x = 0.5 0.0363 0.0162 0.0141 0.0941 0.0950 0.0948
σ2
x = 0.6 0.0350 0.0147 0.0121 0.1239 0.1248 0.1245
σ2
x = 0.7 0.0339 0.0136 0.0107 0.1517 0.1527 0.1524
σ2
x = 0.8 0.0335 0.0129 0.0097 0.1783 0.1791 0.1788
σ2
x = 0.9 0.0331 0.0125 0.0089 0.2032 0.2042 0.2039
σ2
x = 1 0.0326 0.0121 0.0084 0.2271 0.2280 0.2278

SE
Truncated Censored

N=10,000 N=100,000 N=500,000 N=10,000 N=100,000 N=500,000
σ2
x = 0.1 0.0661 0.0212 0.0098 0.0662 0.0210 0.0088
σ2
x = 0.2 0.0520 0.0165 0.0079 0.0518 0.0156 0.0068
σ2
x = 0.3 0.0473 0.0150 0.0072 0.0457 0.0137 0.0059
σ2
x = 0.4 0.0451 0.0144 0.0068 0.0421 0.0128 0.0055
σ2
x = 0.5 0.0436 0.0139 0.0067 0.0403 0.0124 0.0053
σ2
x = 0.6 0.0428 0.0136 0.0065 0.0387 0.0120 0.0051
σ2
x = 0.7 0.0419 0.0134 0.0064 0.0379 0.0117 0.0050
σ2
x = 0.8 0.0415 0.0132 0.0064 0.0368 0.0115 0.0049
σ2
x = 0.9 0.0412 0.0132 0.0063 0.0360 0.0114 0.0047
σ2
x = 1 0.0408 0.0131 0.0063 0.0356 0.0113 0.0047

Table 7: Truncated and Censored Normal Distributions, estimated without inter-
cept, M = 5, β = 0.5, σ2 = 5, Supp = [−1, 1]
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Truncated Censored

σ2
x = 0.1 0.7396 0.7407

σ2
x = 0.2 0.2287 0.2536

σ2
x = 0.3 0.1091 0.1783

σ2
x = 0.4 0.0634 0.1829

σ2
x = 0.5 0.0414 0.2109

σ2
x = 0.6 0.0291 0.2463

σ2
x = 0.7 0.0216 0.2835

σ2
x = 0.8 0.0167 0.3203

σ2
x = 0.9 0.0132 0.3558

σ2
x = 1 0.0197 0.3899

Table 8: Kullback-Leibler ratio: Uniform vs. Truncated/Censored Normal with
different σ2

x values, a = −1, b = 1

Exponential Distribution and Weibull Distributions

We carried out a large number of simulations with different parametrisations for both dis-
tributions. In Table 9 we report the bias from the exponential distribution, which highlights
the effect of censoring. Although we do no observe large bias with truncation, when the menu
choices are censored the bias increases dramatically.
From Table 11, the main takeaway is that, as expected, there is no convergence in the sample
size, while the convergence speed in M is ‘slow’ and depends heavily on the shape of the
distribution. Also, the results about the Kullback-Liebler index (not reported here) are very
similar to those obtained for the normal distribution, i.e., a larger index implies systemati-
cally a larger bias.
We have also tried several different distributions and parameterisation and the main take
away is very similar.

Exp [λ] , Supp = [0, 1]
Truncated Censored

M=3 M=5 M=10 M=20 M=50 M=3 M=5 M=10 M=20 M=50

bias
N=10,000 -0.0182 -0.0074 -0.0027 -0.0015 -0.0011 0.1341 0.1304 0.1235 0.1190 0.1160
N=100,000 -0.0185 -0.0072 -0.0025 -0.0014 -0.0011 0.1342 0.1307 0.1239 0.1193 0.1163
N=500,000 -0.0190 -0.0078 -0.0032 -0.0020 -0.0017 0.1339 0.1303 0.1235 0.1190 0.1160

absbias
N=10,000 0.0415 0.0394 0.0388 0.0388 0.0388 0.1342 0.1305 0.1237 0.1191 0.1162
N=100,000 0.0208 0.0145 0.0133 0.0131 0.0131 0.1342 0.1307 0.1239 0.1193 0.1163
N=500,000 0.0191 0.0090 0.0064 0.0060 0.0059 0.1339 0.1303 0.1235 0.1190 0.1160

se
N=10,000 0.0489 0.0489 0.0489 0.0490 0.0490 0.0445 0.0437 0.0427 0.0422 0.0419
N=100,000 0.0163 0.0165 0.0164 0.0164 0.0164 0.0137 0.0135 0.0131 0.0130 0.0129
N=500,000 0.0073 0.0073 0.0073 0.0073 0.0073 0.0061 0.0059 0.0058 0.0057 0.0057

Table 9: Exponential distribution: β = 0.5, σ2 = 5, λ = 0.5
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N
(
µx, σ

2
x

)
, Supp = [−1, 1]

Truncated Censored
M=3 M=5 M=10 M=20 M=50 M=3 M=5 M=10 M=20 M=50

bias
N=10,000 -0.0798 -0.0311 -0.0078 -0.0017 0.0000 -0.0552 -0.0097 0.0088 0.0120 0.0120
N=100,000 -0.0800 -0.0313 -0.0079 -0.0017 0.0000 -0.0552 -0.0099 0.0084 0.0115 0.0114
N=500,000 -0.0803 -0.0315 -0.0081 -0.0020 -0.0003 -0.0554 -0.0100 0.0082 0.0113 0.0112

absbias
N=10,000 0.0798 0.0328 0.0198 0.0188 0.0187 0.0553 0.0195 0.0198 0.0209 0.0209
N=100,000 0.0800 0.0313 0.0092 0.0066 0.0064 0.0552 0.0106 0.0092 0.0117 0.0117
N=500,000 0.0803 0.0315 0.0081 0.0032 0.0028 0.0554 0.0100 0.0082 0.0113 0.0112

se
N=10,000 0.0224 0.0226 0.0234 0.0234 0.0234 0.0220 0.0228 0.0230 0.0229 0.0228
N=100,000 0.0074 0.0078 0.0080 0.0080 0.0080 0.0074 0.0074 0.0074 0.0074 0.0074
N=500,000 0.0033 0.0033 0.0034 0.0034 0.0034 0.0031 0.0033 0.0033 0.0033 0.0032

Table 10: Normal distribution: β = 0.5, σ2 = 1, µx = 0, σ2
x = 0.2

Weibull [b, c] , Supp = [0, 1]
Truncated Censored

M=3 M=5 M=10 M=20 M=50 M=3 M=5 M=10 M=20 M=50

bias
N=10,000 -0.0369 -0.0128 -0.0031 -0.0010 -0.0004 1.8197 1.7475 1.6828 1.6486 1.6278
N=100,000 -0.0369 -0.0130 -0.0033 -0.0011 -0.0005 1.8209 1.7487 1.6840 1.6498 1.6289
N=500,000 -0.0371 -0.0131 -0.0035 -0.0013 -0.0007 1.8197 1.7475 1.6828 1.6486 1.6278

absbias
N=10,000 0.0371 0.0178 0.0144 0.0142 0.0141 1.8197 1.7475 1.6828 1.6486 1.6278
N=100,000 0.0369 0.0131 0.0056 0.0049 0.0048 1.8209 1.7487 1.6840 1.6498 1.6289
N=500,000 0.0371 0.0131 0.0038 0.0024 0.0022 1.8197 1.7475 1.6828 1.6486 1.6278

se
N=10,000 0.0174 0.0179 0.0179 0.0179 0.0179 0.0492 0.0474 0.0458 0.0450 0.0445
N=100,000 0.0058 0.0060 0.0060 0.0060 0.0060 0.0154 0.0148 0.0144 0.0141 0.0140
N=500,000 0.0026 0.0027 0.0027 0.0027 0.0027 0.0071 0.0069 0.0066 0.0065 0.0064

Table 11: Weibull distribution: β = 0.5, σ2 = 0.5, b = 1, c = 0.5

Appendix: Summary of the Notation Used in the Paper

Scalars:
N – number of individual in the sample
T – number of time period in the sample (panel case)
al – lower boundary point for distribution’s (f(·)) support
au – upper boundary point for distribution’s (f(·)) support
µ or µi – first moment for distribution f(·) or fi(·)
M – number of possible choice values for a questionnaire
zm – choice value of class m
cm – m’th class’s lower boundary point
β – parameter for DOC variable
γ – parameter for control variables
K – number of DOC variables (matrix notations)
J – number of control variables (matrix notations)
B – number of working sample classes
S – number of sub-samples
N (s) – number of observations in sub-sample s

z
(s)
m – choice value of class m in sub-sample s

c
(s)
m – s’th sub-sample, m’th class’s lower boundary point
cWS
b – working sample b’th class’s lower boundary point
h – working sample’s class widths
∆ – size of shift for the shfting method

Running indexes
i – refers to individual i = 1, . . . , N and in some places it is a running index.
t – refers to time t = 1, . . . , T
m – refers to class m = 1, . . . ,M
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k – refers for a DOC variables in matrix formulation, k = 1, . . . ,K
j – refers for a control variables in matrix notation, j = 1, . . . , J and in some places it is a
running index.
b – working sample classes, b = 1, . . . , B
s – sub-sample index
im – running index, where m is indication in which class that observation is (M consistency)
mi – i-th observation in the m-th class (M consistency)

Random variables
X or x – true choices with distribution X ∼ f(·) (unknown)
X∗ – discretized choice (DOC), with distribution ψ(X) (can approximate)
β̂ – parameter estimate for β with OLS (estimate)
γ̂ – parameter estimate for γ with OLS (estimate)
x̄ – sample average of the underlying variable x (not observed)
x̄∗ – sample average of the observed discretized variable x∗ (estimate)
xWS – working sample (concept)
π̂χ – replacement estimator for non-directly transferable observations (estimate)
ytr, xtr – artificially truncated variables of the original r.v. (concept)
π̂τ – replacement estimator for shifting method (estimate)

Individual Observations of Random Variables
xi – true choice values for individual i (not observed)
x∗i – discretized choice values (DOC) for individual i (observed)
yi – outcome variable’s values for individual i (observed)
wi – control variable’s values for individual i (observed)
εi – model disturbance term
ui – idiosyncratic disturbance term for DGP (not observed)
Nm – number of observations in class m (observed)
ξi – error due to discretization ξi = xi − x∗i (not observed)

ξm – conditional distribution for errors of class m, formally: ξm
d
= ξi|Cm (not observed)

xm – conditional distribution for xi within class m, formally: xm
d
= xi|Cm (not observed)

xm – sum of the true observed values in class m, formally: xm =
∑N

i=1 1{xi∈Cm}xi (not ob-
served)
ξm – sum of the errors in class m, formally: ξm =

∑N
i=1 1{ξi∈Cm}ξi (not observed)

x
(s)
i – discretized choice values (DOC) for individual i in sub-sample s (observed)
NWS – number of observations in the working-sample (observed)
xWS
i – working-samples DOC observations (observed)
xWS
i,DTO – magnifying method’s working sample, constructed by only the directly transferable

observations (observed)
NWS
DTO – number of observations in the magnifying method’s ‘DTO’ working sample. (ob-

served)
xWS
i,NDTO – magnifying method’s working sample, constructed by only the directly transferable

observations (observed)
ηi – error component from models to get π̂χ or π̂τ (observed)

x†i – artificial variable which is created during the shifting method (constructed)
xWS
i,Shifting – shifting method’s working sample (constructed)
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Functions
f(·) – probability distribution function
ψ(·) – discretization function ψ(xi) = x∗i
1{·} – indicator function, which takes 1 if condition in the subscript is true, otherwise 0
F (·) – cdf of x
U(·) – Uniform distribution
ψ(s)(·) – discretization function for sub-sample s
Ψ(·) – merging function
|| · || – width of a class (or euclidean distance)
Z(s,m) – set ‘creator’ function: given a sub-sample class, creates a set of choice values, which
lies in the interval of the working-sample

F† – assign choice values from Z(s,m) to each observations x
(s)
i ∈ C

(s)
m , with a given (uni-

form) probability

FWS – assign estimated values π̂τ to each observations x
(s)
i ∈ C

(s)
m

Intervals
Cm – m’th class
C

(s)
m – s sub-sample’s, m’th class

CWS
b – working sample’s, b’th class

Sets
ζ – set of classes, which contains the directly transferable observations
Cχ – set of classes, which contains the non-directly transferable observations
ζtr – ζ without the first and last class

A – set for observations x
(s)
i which are in class C

(s)
m

Matrix notations
y – yi, N × 1
X – (x1,i, . . . , xk,i, . . . , xK,i), N ×K
W – (w1,i, . . . , wj,i, . . . , wK,i), N × J
εεε – εi, N × 1
βββ – βk,K × 1
γγγ – γj , J × 1
zk – (z1,i, . . . , zm,i, . . . , zM,i), 1×M
Z – diag(z1,i, . . . , zk,i, . . . , zK,i),MK ×K)
eki – is the indicator vector for k’th DOC variable
E – matrices for the indicator vectors, MK ×N
X∗ = E′Z
MW – residual maker
qkl – typical block element in EE′

Ω – region for integration [ckm−1, ckm]× [cln−1, cln]
akl – auxiliary variable for Z′EX
ΩX – sample space of xk and xl
ωij – (i, j) element in MW

gkl – auxiliary varaible for proof Eq. 26
hkl – auxiliary varaible for proof Eq. 28
uli – auxiliary varaible for proof Eq. 28
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Panel
βββW – within estimator for panel
DN – individual fixed effect
MDN – Panel projection matrix
Sub-sampling
π̂ππχ – vector of replacement estimator for magnifying method
ΩΩΩχ – Asymptotic standard errors for π̂ππχ
π̂ππτ – vector of replacement estimator for shifting method
ΩΩΩτ – Asymptotic standard errors for π̂ππτ
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